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  }وَمَنْ أَحْسَنُ مِنَ الَّلهِ صِبْغَةً وَ�َحْنُ لَهُ عَبدُِونَ صِبْغَةَ الَّلهِ{ 
 
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 

 



 

 
 

  
  

  
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  
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  
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  

  
  

  
  

  
  

  
  



 

  
  
  

  
  

  
  

  
  

  
  

  
  

  
  

  
  

  
  

  
  
  

  
  

  
  



 

  
  

  
  

  
  

  
  

  
  

  
  

  
  
  
  
  

  
  
  

  
  

  
  

  
  



 

  
  

  
  

–r  
  

–r  
  

  
  
  
  

  
  

  
  

  
  
  
  
  
  

  
  

  
  



 

  
  
  
  

  
  
  

  
  

  
  

  
  

  
  

  
  

  
–  
  

  
  

  
  

  
  



 

  
  
  

  
  

  
  

  
  

  
  

  
  

  
  
  
  

  
  

  
  

 
 



أ 

 
 


 














 


 

  
 


 
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


 









}
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



 
 





 

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
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 
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
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


 

 
 























 



د 

 
 


(logic)(reasoning)


(propositions)(conditional 
propositions)(logical 
equivalence)(quantifiers)

(proofs)(mathematical 
induction) 




(sets)
(sequences)(strings)
(relations)(equivalence 
relations)(functions)

(hash 
functions)(storing and 

retrieving information)
(pseudorandom number generation)

ISBN(International Standard 
Book Numbers) 


(counting)

(multiplication and addition principles)
(permutations)



ه 

(combinations)
(binomial theorem)
(combinatorial identities)

(estimating)
(run time of an algorithm)

(executing)(steps)
(loops) 


(graph theory)





(paths)
(cycles)(shortest path 

algorithm)




(organizing and relating data)
(database)

(optimal time for sorting)


(subclasses of trees)
(rooted trees)(binary trees)

(applications of trees)



و 

(spanning trees)(tree 
traversals) 

 





 
 









 

 






 

 



 

 
 

 
Logic and Proofs 

 
 

(reasoning)
(correct)

(relationship)(statements)
(content)(argument) 

 
 
 


(true)

(assures) 
 

         
(programs)


    (mathematical induction) 

         
 

(proposition) 
(sentence)(true)(false)

 
 



 

(sentences)(propositions) 
 (positive integers)71, 

7 
 1 + 1 = 3 
 (earth)(planet)(life)

(universe) 
 n(prime number)n 

  

 
 

 (true)7 
 (false) 
 (true)(false)

 

 (true)
 

              
(command) 

          
(declarative sentence)(question)

 
(lowercase letters)p, q, r

(representing)(notation) 
p: 1 + 1 = 3 

 
p1 + 1 = 3 
 



 

p, q 
(conjunction)p, q–p ^ q

– 
p and q 

(disjunction)p, q–
qp 

p or q 

         (combining)
(compound propositions) 

 
  

p:  1 + 1 = 3 
q:  A decade is 10 years 

 p, qp, q 
 
 p, q 

:qp   1 + 1 = 3  and  a decade is 10 years. 

 p, q 
:qp  1 + 1 = 3  or  a decade is 10 years. 

(describe)(truth values)
(truth tables) 

 
 (truth table)p

n1 p,,p (individual propositions)   (list)
(possible combinations)(truth 

values)n1 p,,p TtrueFfalse–
(truth value)p 

 



 

 
  (truth value)  qp (compound 

proposition) 
p q qp 
T T T 
T F F 
F T F 
F F F 

qp p, q 
 

qp  
p:  1 + 1 = 3 
q:  A decade is 10 years 

 
p(false) q(true) 

qp (false) 
 

 
qp 

p q qp
T T T 
T F T 
F T T 
F F F 

qp (true)  p q 
         (exclusive – or)

–exor–p exor q
pq 
 

qp 
p:  1 + 1 = 3. 



 

q:  A decade is 10 years. 

 
p (false)q (true) 

qp(true) 
 

(negation)p–p 
not p 

 
p 

p p
T F 
F T 

 
 

p
q 
r 

  (representing)   
(symbolically)(true)(false) 




 
 

(symbolically) 
r)q^p(  

p, q(true)r(false)
(1,000,000 decimal digits)



 

(symbol)
 

F

FF

F)F^T(

F)T^T(r)q^p(







 

(false) 
 

Conditional Propositions and Logical Equivalence 

 
 

p, q 

(*)


pq 

if p then q 

 
(conditional proposition) 

qp  

p(hypothesis)(antecedent)
q(consequent / conclusion) 

 
 
     

 
qp  

     if p then q 
 

p  



 

q  
pq 

  (rephrasing)
    (conditional propositions)  

 
 

          
 

  
      

 

  

 (necessary condition)
 

 (sufficient condition)   
 

 
 (hypothesis)      

(equivalent formulation) 

 
 (“only if” clause)(conclusion)

 

pq 

if p then q 
 pq 

p only if q 
 



 

 
 pq 

if p then q 

(emphasizes the hypothesis) 
pq 

p only if q 

(emphasizes the conclusion) 
(stylistic) 

 (when)(if)
 

 

  (conclusion)(expresses)(necessary 

condition) 

 

  (hypothesis)    (sufficient condition)
 

 
 

qp  


p
q
qp pq


p

qp 
pqp  



 

(proposition)––(by 

definition)–
p 

 
qp  

Definition of the truth value of the conditional proposition 
qp   

qp  
p q qp 
T T T 
T F F 
F T T 
F F T 

 
 

p: 1 > 2,  q:  4 < 8 

pq , qp  
 
 p q 
  qp  
   pq  
 

 
p: true, q: false, r: true 

 
i) r)qp(   

ii) r)qp(   

iii) )rq(p   

iv) )rq(p   

 



 

p, q, r(symbols)(truth value)
 

i) T)FT(   =  trueTF   

ii) T)FT(   =  falseFT   

iii) )TF(T   =  trueTT   

iv) )TF(T   =  trueTT   

 


(normally related)(logic)



 

If 5 < 3 then Cordova was capital of Andalusia. 

 
If 5 < 3 then Granada was capital of Andalusia. 

(form)(relations)


5 < 3
(difference)(true conditional 

proposition)(true conclusion) 
qp 

pq pq 
(converse)qp 

 
 

 
 

 (symbolically) 



 

 (converse)(in 

words) 
  

i) If 1 < 2,  then 3 < 6. 
ii) If 1 > 2,  then 3 < 6. 

 
i  

p:  1 < 2,     q:  3 < 6 

qp  
p, q 

  pq  
  If 3 < 6,  then 1 < 2 

p, qpq  
ii  

p:  1 > 2,     q:  3 < 6 

  qp  
pq 

  pq  
  If 3 < 6,  then 1 > 2 

qppq  
 

pq 
p if and only if q 

 
p iff q 

p, q
p, q 

 



 

p, q 
pq 

p if and only if q 
(biconditional proposition)
 

qp  

qp  
p q qp 
T T T 
T F F 
F T F 
F F T 

p if and only if q 
pq 

“ p is a necessary and sufficient condition for q “ 

 
 

1 < 5  iff  2 < 8 

 
qp  

 
p:  1 < 5,  q:  2 < 8. 

p, qqp  


 
1 < 52 < 8 


(constituent 

propositions) 
 



 

(compound propositions) P, Q
n1 p,,p P, Q(logically 

equivalent) 
QP  

P, Q
n1 p,,p  

 
 
 

 qpqp  
 qpqp  
 


 

qpQ , qpP  

p, qP, Q
 

p q qp qp 
T T F F 
T F F F 
F T F F 
F F T T 

 P, Q 
(negation)qp  

 
qp qp  

 
 



 

qpqp  
qpQ,qpP 

p, qP, Q
 

p q qp  qp 

T T F F 
T F T T 
F T F F 
F F F F 

P, Q 
 
  

qpqp  
 


qpQ,qpP 

 
 

qpqp  
 

qpqpqp  
 qp pq and

qp  
 


   pqqpqp  

 
p q qp   qp  pq     pqqp   



 

T T T T T T 
T F F F T F 
F T F T F F 
F F T T T T 

 
 (contrapositive)

(transposition)qp 
pq  

(converse)
(reversing)p, q

p, q 
 

 
If 1 < 4,   then  5 > 8 

(symbolically)
 

 
 

p: 1 < 4, q: 5 > 8 

  qp  
 (converse)  pq  
   If  5 > 8,  then  1 < 4 
 (contrapositive) pq  

41then , 85If  

 
qp  
pq  
pq  



 

١-١ 
qp pq  

 
 

p q qp  pq 
T T T T 
T F F F 
F T T T 
F F T T 

 
 

Types of Propositions 

(Tautology) 
(true)(truth 

values)(component propositions)
PPP 

(Contradiction) 
(false)

PP  
 

(Contingency) 


QP  
(inference rule)

(identities)(implications)
 

 



 

 
Identities 

 


(connectives)(deriving)(relations)
(logical reasoning)

(conclusions)(premises)
(pairs)

(logically equivalent propositions)
(identities)





(equivalence)



 
(List of Identities) 

  (idempotence of the connective)  
1.  )PP(P   

  (idempotence of the connective)  

2. )PP(P   

 (commutativity of) 

3.  )PQ()QP(   

 (commutativity of) 

4.  )PQ()QP(   

 (associativity of) 



 

5.  )]RQ(P[]R)QP[(   

 (associativity of) 

6.  )]RQ(P[]R)QP[(   

 (DeMorgan’s Law) 

7.  )]QP()QP(   

 (DeMorgan’s Law) 

8.  )]QP()QP(   

 )overofvitydistributi(  

9.  )]RP()QP[()]RQ(P[   

 )overofvitydistributi(  

10.  )]RP()QP[()]RQ(P[   

  
11.  True)TrueP(   

  
12.  False)FalseP(   

  
13.  P)FalseP(   

  
14.  P)TrueP(   

  
15.  True)PP(   

  
16.  False)PP(   

 (double negation) 

17.  )P(P   

 (implication) 

18.  )QP()QP(   

 (equivalence)  



 

19.  )]PQ()QP[()QP(   

 (exportation) 

20.  )]RQ(P[]R)QP[(   

 (absurdity)  

21.  P)]QP()QP[(   

 (contrapositivity) 

22.  )PQ()QP(   

 
(equivalence)(true)
(tautology)(false)

(contingency) 
 

  
 )PP(P  


––


(manipulating propositions)(reasoning)

(symbolic forms) 
 )PP(P  

 
 )PQ()QP(  


 

 )PQ()QP(  



 




 
 )]RQ(P[]R)QP[(  


 

 )]RQ(P[]R)QP[(  
 

 )QP()QP(  


 
 )QP()QP(  


 

 )]RP()QP[()]RQ(P[  


 
 )]RP()QP[()]RQ(P[  




 
 True)TrueP(  

True
)TrueP( P
)TrueP(  



 

–
–

 
 True)PP(  


 

 False)PP(  


 
 )P(P  


 

 )QP()QP(  















(logically equivalent) 
 )]PQ()QP[()QP(  



 




 
 )]RQ(P[]R)QP[(  




 
 P)]QP()QP[(  





(true)(something wrong)
(assumption) 

 )PQ()QP(  



 

 
(Duality Principle) 


(pairs)(duality 

relation)––
(dual)


(duality) 

 
(Dual of a Proposition) 



 

X
(connectives),,X*

XTFF
TX*(dual of) X 

P]QP[ P]QP[ 
]RT[]QP[ ]RF[]QP[ 

 
 Property of Duality 

P, Q,,
(equivalent)P*, Q*(their duals)

 
 

 Use of Identities 


 
 

 
)QP()QP(  

 
)QP()QP(   
 
)QP()QP(  
 
)QP()QP(   
 
)QP()QP(   



 

 
 if P then Q  

P but not Q  


P
Q 

 
 

(absorption)  P)QP(P  
 

  )TP(P  
 

)QP()TP()QP(P   

         )QT(P   
 

                    TP  
 

                          P   
 


(simplifying))QP(P P
(expanding)P)QP(P  

 
 
 

 



 

 
Quantifiers 

 


 
np 

(n is an odd integer) 
pn

n = 13pn = 8p


(system of logic) 
 

P(x)xD(set)
P(propositional function)

DP(x)(proposition)D
(domain of discourse of P) P 

 
P(n) 

n 
(n is an odd integer) 

D(set of positive 

integers)PDn
DP(n)nDP(n)

 
n = 11n 

= 22 



 

P(true)
(false)xP(x)


(class of propositions)

P
 

P(1), P(2), ... 

P(1), P(2), ... 
 
  

 n2n2  

 
 06xx2  

 
n

x
 


 

“ for every ... “ , “ for each ... “ , “ for some ... “ , ... 

 
TT 

PPP 


 
 

PD 



 

)x(Px)x(Px)x(Px 
for any x,  P(x) / for all x,  P(x) / for every x,  P(x) 

(universally quantified 

statement)(for any 

/ for all / for every) 
)x(Px 

(universal quantifier)
)x(Px)x(PxD
)x(PxD

x)x(P
(counterexample))x(Px 
 
)x(P / x)x(P/ x 
x)x(P 

there exists x such that, P(x) / for at least one x, P(x) /  
for some x, P(x)  

(existentially quantified statement)
(for some)(there exist)
(for at least one) 

)x(Px 
(existential quantifier) 

)x(Px 
)x(PxD

)x(PxD 
x)x(P(a free 

variable)x



 

)x(Px
)x(Px(bound variable) 


 

)x(Px & )x(Px 


 
 

(domain of discourse) D
 

)x(P,Dinx 
 

)x(P,Dinx 
 

 
0x2 x 

0x2 for every real number x, 


xx 
 

 
xx > 1x + 1  > 1 

for every real number x, if x > 1, then x + 1 > 1 
 

 
if x > 1, then x + 1 > 1 

x 



 

x(true)x
1x x > 1 
i 1x  

If x > 1, then x + 1 > 0 

x > 1


 
ii x > 1xx + 1 > x

 

x + 1 > x and x > 1 

 
x + 1 > 1 

x > 1
 

If x > 1, then x + 1 > 1 

 
(i)(ii)x 

if x > 1, then x + 1 > 1 


 
 

 
01x2 x 

for every real number x, 01x2   

x = 1 
0112  

 1 (counterexample) 
01x2 x 



 

)x(Px 
x

)x(P)x(Px
x

)x(P 
 

 
n19nn2 n 

for every positive integer n, if n is even, then 19nn2   is prime  

n = 38
 

if 38  is even,   then 1938382   is prime 

(38 is even)
prime) is 193838( 2 1938382 

(factored) 
1938382   = 38  38 + 38 + 19 = 19(2  38 + 2 + 1) = 19  79. 

 
)x(P,Dinx 

 )x(P xD
 )x(P x 
x 
 

 

5
2

1x
x
2




x 

for some real x, 
5
2

1x
x
2




 



 

x 

5
2

1x
x
2




 

x = 2 

5
2

12
2

2


. 
x

1x  

5
2

11
1

2


  
 
 

n n+4n+1, n+2, n+3
n 

for some positive integer n, if n is prime, then n+1, n+2, n+3 
and n+4 are not prime 

n
 

if n is prime, then n+1, n+2, n+3, and n+4 are not prime 

n = 23 
if 23 is prime, then 24, 25, 26, and 27 are not prime. 

23
24, 25, 26, 27)n
n = 23, n = 47, n = 4

n = 2, n = 101 
 

 
 

1
1x

1
2




x 



 

1
1x

1
2




for some real number x, 

 
 

1
1x

1
2




x 

1
1x

1
2




x 

x 
2x0   

1 
1x1 2   

(inequality)1x2 
x 

1
1x

1
2




 (true for every real number x) 


–

–
 
 

P
––
 
 )x(Px;)x(Px  
 )x(Px;)x(Px  
 
 

 



 

–
– 

)x(Px(true)
)x(Px(false))x(P

x)x(Px
)x(Px

)x(Px
)x(Px)x(Px

)x(Px
 

 
)x(P1

1x
1
2




 

 
for some real number x, 1

1x
1
2




 

)x(Px 
 

)x(Px 


)x(Px
 

for every real number x, 1
1x

1
2




 

)x(Px 
 

 
for every real number x, 1

1x
1
2




 



 

)x(Px 
 

)x(Px 
 

)x(Px  
)x(Px 

 
 

i (generalization)
(compound proposition) 

)1(PPP n21    

n21 P,,P,P 
)x(P (arbitrary family) x

(1) 
)x(Px      (2) 

(1)iPi
i = 1, 2, ..., n(2)

)x(Px
 

ii  

)3(PPP n21    

n21 P,,P,P 
)x(Px(3)

 
)x(Px      (4) 



 




 
n21n21 PPP;PPP   


)x(Pxn21 PPP  
)x(Pxn21 PPP   

 
 


 

 
All that glitters is not gold 

(something that glitters is not 

gold)
(nothing that glitters is gold)(a gold object 

never glitters) 
)x(Px glitters 
)x(Q x is gold 

  )x(Q)x(Px  
  )x(Q)x(Px(*)  

qpqp  
 

)x(Q)x(Px   

–– 
(**)   )x(Q)x(Px    



 

 , 
(negation) )x(Q

 )x(Q)x(Px 
 

(positive statements)any, 

all, each, every(negative 

statements) 
Not all x satisfy )x(P . 

Not each x satisfies )x(P . 

Not every x satisfies )x(P . 

 
)x(Px 

 
Not any x satisfies )x(P . 

No x satisfies )x(P . 

 
)x(Px 


(quantifying over)

 
 

 
0yxyx  

xy
xx+y = 0 

0yxyx  
 



 

xyy = -x 
x + y = 0 

y,x 
 

 
 

0yxxy  
 

 
y

 
0yxx  


x = 1-y 
1 - y + y = 01 = 0

 
0yxxy  

 
 

 
 )y,x(P 

if ,yx 22   then x < y 

 
  

)y,x(Pyx   

  



 

)y,x(Pyx   

  

)y,x(Pxy   

 
 (counter example) 

x = 1,  y = -2 

 
21then,)2(1if 22  

 x 

yxthen,yxif,y 22  

y 
yxthen,yxif 22  
y = 0 
0xthen,0xif 2  


)0x( 2  

 y 

0xthen,yxif,x 22  

x 
yxthen,yxif 22  
x = | y | + 1 

  y1ythen,y1yif 22  


  22 y1y  
   



 


 

i )x(Px
)x(Px)x(P

x)x(Px 
ii )x(Px

x)x(P 

iii )x(Px
x)x(P
 

iv )x(Pxx
)x(P)x(P

x)x(Px 
 

 
Proofs 

 

(mathematical system)
(axioms)(definitions)(undefined 

terms)(concepts)
(explicitly)

(implicitly)
(theorem)(proposition)


(lemma)

(corollary)
 



 

 
(euclidean geometry) 

i (axioms) 
 (2 distinct points)(line)

(contain) 
 

 

ii 
(describe)(properties) 

iii  
 (triangles)(congruent)

(vertices)(can be paired)
(corresponding sides)(equal)

(angles) 

 (supplementary)
180o 

 
  
 
i  

 x, y   xy = yx 
 (subset) P 

 x, yPx+y, xy
P 

 x
 



 

Pxx = 0 Px 
ii (multiplication)

 

iii  
 PP

 

 (absolute value) |x| xx 
x0-x 

 


 
 
i  

 (sides)(opposite)
 

 (bisect)(diagonals)
(quadrilateral)
(parallelogram) 

ii  

 (equilateral)
(equiangular)

(i) 
iii  

 x.0 = 0x 
 x, y, z  

zxthen,zyandyxif   



 

iv  
 nn – 1

 n – 1 = 0 


 
   

 
)x,,x,x(qthen),x,,x,x(pifx,,x,x n21n21n21  


 

(*))x,,x,x(qthen),x,,x,x(pif n21n21  
n21 x,,x,x 

n21 x,,x,x (arbitrary 

members))x,,x,x(p n21 


)x,,x,x(p n21  
 
 (direct proof) 

(assumes))x,,x,x(p n21 
)x,,x,x(p n21 

)x,,x,x(q n21  
 
 –– 

x,d,d,d 21 
2121 dxanddxthen,dxand}d,dmin{dif  . 

 



 

x,d,d,d 21–
– 

dxand}d,dmin{d 21   

 
21 dxanddx   

min 21 ddanddd  
   1ddanddx  

 1dx (iii) 
  2ddanddx  
 2dx  
   21 dxanddx  

 
 (proof by contradiction) 

pq
pq
(contradiction)

rr r
(indirect proof)

rr ––
 

(assumptions)
(negated conclusion)

 


(equivalence) 
rrqpandqp   

 



 

 
  

rrqpandqp  
 

 
p q r qp  qp  rr  rrqp   

T T T T F F T 
T T F T F F T 
T F T F T F F 
T F F F T F F 
F T T T F F T 
F T F T F F T 
F F T T F F T 
F F F T F F T 

 
 

  real numbers x and y, if ,2yx   then either 1x   or 1y  . 

 
,2yx 

1yand1x or’s
and’s
 

 x < 1  
and y < 1  
 x+y < 1+1 = 2 

pp ,2yx:p 
 

 
q](*)then p,[ifp 

pq  



 


(proof by contrapositive) 

(arguments)
(valid)

 
 

(sequence of propositions) 
 

 
 

 
 

(process)(conclusion)


(deductive reasoning)
(hypotheses)(premises)

(conclusion)
[(deductive) argument]


 

 
.qthen,pandandpandpIf n21  

(valid)
n21 p,,p,p 

q
 



 

 
(argument) 

q

p

p

p

n

2

1



 

 
q/p,,p,p n21  

n21 p,,p,p (hypotheses)
(premises)q(conclusion)
(valid) 

n21 p,,p,p (true)
q(true)(invalid)

(fallacy) 


(conclusion follows from the hypotheses)
(true)

(form)
(content) 

 
 (valid) 

q

p

qp





 

 
 



 

  
 

p q qp  p q 
T T T T T 
T F F T F 
F T T F T 
F F T F F 

p(hypotheses)&qp
q(conclusion) 

 


p&qp q
qp 

 
 
 (represent)(symbolically) 

if 2 = 3, then he ate up usury. 
he ate up usury  

32   

  
 

  
p: 2 = 3,  q: he ate up usury 

 

p

q

qp





 

 q&qp p
q&qp 



 

pq 
p 

 



q&qp p

 
(steps)

(intermediate conclusions)



 

 
(Rules of Inference for Propositions) 

 

q

p

qp





 

(law of 

detachment / modus ponens)
 

 
(argument)

 



 




 
 
 

 
name 

 
rule of inference

 
law of detachment 

 
Modus ponens 

q

p

qp





 

 
Modus tollens 

p

q

qp





 

 
Addition qp

p


 

 
Simplification p

qp




 

 
Conjunction 

qp

q

p



 

 

Hypothetical syllogism 
rp

rq

qp






 

 

Disjunctive syllogism 
q

p

qp





 

 



 

 
Rules of inference for propositions 

 
 

 
p 

 q 
 r

 
 

rp

rq

qp






 

 
 
 (hypotheses) 




 


(conclusion)(follows from) 
 

 
p 

 q 
 r 
 s 



 

 
 

.p

sp

rq

qp





 

rq&qp 
rp  

p&rp r 
p&sp 

s 
rssr 

sr 


 
 

 
Rules of Inference for Quantified Statements 

 
)x(PDx(true)D

)x(P(true)x
DDd)d(P

(validity)(argument) 

Ddif)d(P
)x(PDx


 



 


(universal instantiation)

 
 

 
Name 

 
Rule of Inference

 
Universal instantiation 

Ddif)d(P
)x(PDx


 

 
Universal generalization 

)x(Px
Ddanyfor)d(P


 

 
Existential instantiation 

Ddsomefor)d(P
)x(PDx


 

 
Existential generalization 

)x(Px
Ddsomefor)d(P




 

 
 

 
 

(hypotheses) 
 
Everyone believes either in Allah or in the false deity. 

The Muslim does not believe in the false deity. 


 
 

)x(P(propositional function) 
)x(P   x believes in Allah 

 )x(Q
)x(Q x believes in the false deity 



 

 
)x(Q)x(Px  

 
)x(P)x(Qx  

(universal instantiation)
  P(The Muslim)   Q(The Muslim)   

 
Muslim) Q(The 

(disjunctive syllogism)
 

P(The Muslim) 
 

The Muslim believes in Allah 

 
 

 
Mathematical Induction 

 

 
(Principle of mathematical induction) 

 
n(for each positive integer)

 )n(S (statement)(true)(false)
 

S(1) is true (i) 

if S(i) is true 1ni   , then S(n+1) is true 
(ii

) 

 
ninteger positive   trueis S(n)Then   



 

iS(n)n = 1
(ii)S(i)in +1

i=1, i=2, ... , i=nS(i)i = n+1
1)S(n (i), (ii) 

 
S(n)n 

 
nS

(sum of the first n positive 

integer) n 
nS = 1+ 2 + 3 + ... + n. 

 
,3,2,1n;S

2
)1n(n

n   
 

1S
2

)2(1
1   

3S
2

)3(2
2   



6S
2

)4(3
3 

 

 
 1S1  

 –
(n+1)––(n+1)–

 

o  

o  



 

 
 

(n+1)
(n+1)

(n+1)n 

2
)1n(n

nS  
(n+1) 

2
)2n()1n(

1nS


  
 

nS 

2
)2n()1n(

2
)1n(n

n

1n

1n

)1n(S

)1n(n321S








 

 

 
 

n=1 
1, 2, ..., n(n+1)

(n+1)1, 

2, ..., n
(relating)1, 2, ..., n(n+1) 

(i)
(Basis Step)(ii)
(Inductive Step) 

 
 



 


 
 

 
,2,1n;2!n(*) 1n   
n!(n Factorial) n 

1nif1.2)...2n()1n(n

0nif1
!n




 

1n n!
1n(inclusive)0!1 

0! = 1! = 1, 3! = 3.2.1 = 6, 5! = 5.4.3.2.1 = 120 

 
i  

(*)n = 1 

11

2!1 11


 

 

n = 1 
ii  

 
.n,,2,1i;2!i 1i    

 i = n 
1n2!n   

1n2)1n(

!n)1n(!)1n(




 

n

1n

2

)21n(2.2



 
 



 

 
n2!)1n(   

(verification)


n 
 

 (ii)
S(i)in+1S(n+1)


(strong form of mathematical induction)
S(n+1)S(n)

 

If S(n) is true, then S(n+1) is true 


(basis step)

(2 forms)
(logically equivalent) 

  

1n;),1n(S),n(S 000   
(true) 

.trueis)n(S 0 
 

 
1r  

 ,2,1,0n;ararara
1r

)1r(an21
1n

 


 



 


(a geometric sum)

(2 consecutive terms)}rar/ra{ i1i  
 

n = 0 

1r
)1r(a 1

a 
  

(true) 
 

(true)n 

1r
)1r(an21

1n
rararaa 


   

 

1r
)1r(a

1r
)1r(ra

1r
)1r(a

1n
1r

)1r(a1nn21

2n

1n1n

1n
rararararaa
























 

 

 
(n+1) 

(modified 

basis step)
 

a=1, r=2 

1222221 1n
12

12n32 1n
 




 


(correct formula)



 




(experimenting with small values)
 

 
  

sum = 1 + 3 + 5 + ... + (2n – 1) 

 n = 1, 2, 3, 4
 

  

 
n 1+3+... + (2n – 1) 
1 1 
2 4 
3 9 
4 16 

1, 2, 3, 4
 

2n)1n2(531    

 
 


 
 

15n 
(divisible by) 4n = 1, 2, 3, ... 

 
 



 

415151n 1n   divisible by 4 

 
4(divides)15n  
k415n k 

415 1n  

)1k5(44k4.5

4)15(5

5515.5

15.515

n

n

n1n








 

5k + 1415 1n  
 

)k5.(4k45.4

155.4

15.515

nn

nn

n1n







 

k5n 415 1n  


 
 

4
25 

 


(n+1)
25

(n-1)



 

2(n+1)
(strong form)

k < n+1
k = n-1 


4n+1 = 5n-1(valid)

n-1 < 4(n-1)
n = 4(verify)

(explicitly)n = 5n-1(valid)
6)1n( 

5 n  4,n  
–
–n

n+1k < n
 

(n = 4, n = 5) 
42

55 
 
6n k
25nk4 

n – 2
2n

 
 



 

 
 

 (propositions)(truth 

values) 

  

  

 1+5 = 7 

 x + 5 > 7x 
  

 

 (proposition)
(negation)

 

 2 + 5 = 10 

  

 for some positive integer n,  19340 = n.17 

 4 

(every even integer > 4 is the sum of 2 primes) 

  
 

 (truth 

values) 
p = F , q = T , r = F 

 
 qpqp  
qp  )rq(p  

)rp()qp(  )pr()rq()rp( 
 

  



 

 qp p)qp(  
p)qp(  p)qp(  

)qp()qp(  )pr()qp( 

 )qp()qp()qp()qp(  
)rq()qp(   

 

 (represent)(symbolically)
 

p:  5 < 9 , q:  9 < 7 , r:  5 < 7 

(true)(false) 
 5 < 9  and  9 < 7 

 5 < 9  and  9 < 7 
 5 < 9 9 < 7  and  5 < 7 
 
 (formulate)(symbolic 

expressions)(in words) 

p  
q  
 p qp  qp 
 qp qp  qp  

 
  

p  

q  

r  

qp)rq(p rqp 
)pr()qp( ))pq(r())rq(p( 



 

 

  

p  

q  

  

  

  

  

  

  

 
 –(exclusive-or)p, q

p exor q(true)pq
 

 

 
 

if p then q 

q  p   

  

 160 

 
600 

 
 

 (program is readable)
(only if)(is well structured) 



 

 (converse)(contrapositive)
 

 p, r(false)q, s(true)
 

 qp qp  
qp  )rq()qp( 
r)qp(  )rq(p  
 )s))qr(p(())rp(s(  
)qs())rq()qp((  

 p, q, rp(true)q
(false)r(status)(unknown)


 

 rprp rp  
 rq pr  qr  
 r)rp( r)rp( r)rq(  
r)rq(     

 (represent)(symbolically)
 

p:  4 < 2 , q:  7 < 10 , r:  6 < 6 
 

 If 4 < 2 , then  7 < 10 
 If (4 < 2 and 6 < 6) , then 7 < 10 
 66then 10),7and6(6 that case not the isit  If  

 6)6and2(4iff107  

if)only andif(iff  

  

p  



 

q  
r  

(symbolic expressions)(in 

words) 
 qp )pr(q 
)rq(p  r)qp( 
))pq(r())rq(p( 
 ))qr(p()))rq(p(p(  

 (symbolically)


 

 If 4 < 6,  then  9 > 12 

If 4 > 6 ,  then  9 > 12 

|1| < 3 if – 3 < 1 < 3 

 |4| < 3 if – 3 < 4 < 3 

 P, QQP  

 qpQ   pP   , 

qpQ   qpP   , 

qpQ   qpP   , 

 )rq(pQ )rq(pP   , 

)rp()qp(Q   )rq(pP   , 

 pqQ   qpP   , 

 qpQ   qpP   , 

rpQ   )rq()qp(P   , 

)rq(pQ   r)qp(P   , 

)s))qr(p(())rp(s(P   , tpQ   



 

 imp1 

p q p  imp1  q 
T T T 
T F F 
F T F 
F F T 

pimp1qqimp1p  
 imp2 

p q p  imp2  q 
T T T 
T F F 
F T T 
F F F 

  

qpp)imp2(qq)imp2 p(  

 imp2
p(F)q(T)p imp2 q

(F) 
  

qpqp  

  

)qp()qp(  

 
(a propositional function)

(domain of discourse) 
 2)1n2(  
 110 
 x 
  
 1+3 = 4 



 

 )numbersrealy,x(yxx  
 P(n)n77(n divides 77)

(true)
(false) 

 P(11) P(1) P(3) 

for every n,  P(n)  for some n,  P(n) 
 T(x, y)xy(x is taller 

than y)5
1156 6 

i 
(true) 

ii (negation) 
 )y,x(Tyx )y,x(Tyx 

 )y,x(Tyx  )y,x(Tyx  

 L(x, y)xy(x loves y 

for the sake of Allah)(all living 

people) 

i  

ii  

  

someone loves everybody for the sake of Allah. 

  

everybody loves everybody for the sake of Allah. 

  

                                           


– 



 

someone loves someone for the sake of Allah. 

  

everybody loves somebody for the sake of Allah. 

 P(x,y)yx 
 

i  

ii  

)y,x(Pyx  )y,x(Pyx  

)y,x(Pyx  )y,x(Pyx  
  

i 
 

ii  

 x2xx x2xx  
x then x,1xifx 2 x then x,1xifx 2 
 3/1)12 then x/(x,1xifx  
 3/1)12 then x/(x,1xifx  
 1yxyx 2  1yxyx 2  
 1yxyx 2  1yxyx 2  
 1y2xxy 1yxyy 2  
9yxyx 22  92y2xyx  
9yxyx 22  9yxyx 22  
 0yxyx 22  0yxyx 22  

 0yxyx 22 0yxyx 22  

 22 y then xy, xifyx 



 

 22 y then xy, xifyx  

 22 y then xy, xifyx  

 22 y then xy, xifyx  
  

 )y,x(Pyx (true)
(nonempty)


 

i )y,x(Pyx  

ii )y,x(Pyx  

iii )y,x(Pyx  

 
)y,x(Pyx  

i )y,x(Pyx  

ii )y,x(Pyx  

iii )y,x(Pyx  

 
)y,x(Pyx  

i )y,x(Pyx  

ii )y,x(Pyx  

iii )y,x(Pyx  

 
)y,x(Pyx  

i )y,x(Pyx  

ii )y,x(Pyx  

iii )y,x(Pyx  

 )y,x(Pyx  
 



 

 )y,x(Pyx  )y,x(Pyx  

)y,x(Pyx )y,x(Pyx  
  

 p, q
pq,qp  

 P(x)x(x is a 

rational number)Q(x)x
(x is a positive number)

(Comment)
(argument) 

 
))x(P)x(Q())x(Q)x(P(x  

(true) 
 

xxx 
xx 


 

  

xx.0 = 0 

 

a, b, c  

i b + 0 = b 
ii a(b+c) = ab + ac 

iii cbc]ab[a  

 
 



 

 

00.x

0.x0.x)00.(x0.x00.x




 

 
 

x y = 0x = 0y = 0 
a, b, c 
cb]0a&acab[  
 

0y&0x&0xy  
 

0x&0.x0xy  
y = 0 

 
12 

 40(coins)
(bags)


 

 
(valid) 

p: I study hard. q: I get A’s 
r: I get rich. 

 
If I study hard, then I get A’s.
I study hard. 
 I get A’s 

 



 

 
If I study hard, then I get A’s. 
If I don’t get rich, then I don’t get A’s
 I get rich 

 
 

I study hard if and only if I get rich.
I get rich 
 I study hard. 

 
If I study hard or I get rich, then I get A’s.
I get A’s 
 If I don’t study hard, then I get rich. 

 
If I study hard, then I get A’s or I get rich.
I don’t get A’s and I don’t get rich. 
 I don’t study hard. 

 
 

p: 4 megabytes is better than no memory at all. 
q: We will buy more memory. 
r: We will buy a new computer. 

    

qr

)qr(p




 
 

qp

rp




 
 

rp  )qr(p   

     

r

pr 
 

 

qp

rp




 
 

p  q
  

 



 

 

 

p

qr

rp




 

 

 q
  

    

q

qp 
 

 

p

qp 
 

 

p  q  

      

)rp(q

)rq(p




 
 pp    

r)qp(   q
  

    

qr

qp

rqp






 

 

rp

)sr()qp(


  

q  sq 
  

c/p,,p,p&p/p,p n321    

 
c/p,,p,p n21  
 

  

 
 



 

 
 

 
 

 (rational number)p/q
p, q9.345p/q 

 (conclusion)
(hypotheses) 

 (gas)

 

 

 


 


(car transmission is defective) 

 
(compact disk)


(compact disc player) 


 

 


 



 

––
 

––


 
 

 


 


 

 (validity) 

  
  

  
 

  

    
  

 
n 

 2n)1n2(531    
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)2n(2
1

)1n(2
1

4
3

1)1n(
1

13
1

12
1

222







 

 

 

  

 

 ,2,1n,

)n2(6.4.2
)1n2(5.3.1

n2
1  

 

  





,2,1n,
1n

1
)n2(6.4.2
)1n2(5.3.1 




 

  

,4,3n,21n2 n   

  

 ,5,4n,n2 2n   

  

,2,1nand1xfor,nx1)x1( n 
 

  

 17n 6(divisible by)
...2,1,n  

 611n 5... 2, 1, n  



 

 

 nn 3.27.6 4... 2,1, n  
 273 nn 8... 2,1, n  

 (experimenting)n
 

)1n(n
1

3.2
1

2.1
1

  

 

 (straight lines)n
2/)2n2n( 

(regions)
 

  

 6
27 

 24
57 

  

If S(n) is true, then S(n+1) is true 

  
  

  

 )1n)(2n(Sn (incorrectly)
(formula) 

2 + 4 + ... + 2n 

(satisfied)
 



 

  

2n
1n

n
1n

n
3
2

2
1 2

  

  

1k;1H
k
1

3
1

2
1

k   

 
 0n1H

2
n

2n  
 0nn1H n2

 
 1nnnH)1n(nH2H1H   

 
n 

i )1n(nn242   

ii 
3

)1n2()1n(n2222 )n2(42
  

iii 
)!1n(

1
)!1n(

n
!3

2
!2

1 1    

iv n1n 2)1n(12  



 

 
 

 
The Language of Mathematics 

 
(sets)

(sequences)(relations)(functions)


 
(collection of objects)

(structures)(graphs)
(sets of vertices and edges)

(Boolean algebra)
(operations) 

––


–– 
(ordered pairs)

(a, b)ab 
––(assigns)
XY

(analyzing)
 

 
 
 



 

 
Sets 

 


(collection of objects)
(finite)(describing 

it) 
A = {1, 2, 3, 4} 


(specifying)A 

A = {1, 3, 4, 2} 

(distinct)


(set)A
 

A = {1, 2, 2, 3, 4} 

(large finite set)
(infinite set)(property)

 
B = { x | x is a positive even integer} 

 B 
2, 4, 6, ... 

X|X|
X 

| X | = number of elements in X. 


(empty/null/void set)}{



 

X, YX = Y
X = Y 

 XxYx&YxXx  
 

}3,2{B,}06x2x|x{A  
  A = B 
 

X(subset)Y
YX  

XxYxXx  
C = {1, 3} ,    A = {1, 2, 3, 4}AC 

XXX  
 

X(proper subset)Y
  YX&YX  

 
 

(power set)X–P(x)–
X 

A = {a, b, c} 
P(A) = { , {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, {a, b, c}} 

P(A)–{a, b, c}–
A 

A 
)2(8)A(P,3A 3 



 

X
nP(x)Xn2 

 
nX  

(*)2)X(P n 
 

n 
 n = 0|X| = 0X


 

)2(1)X(P 0 
n = 0 

n
Xn + 1

1n2)X(P  
xXxX
xx

X = {a, b, c} 


X
a 


Xa 

  {a} 

{b} {a, b} 
{c} {a, c} 
{b, c} {a, b, c} 


a



 

SXx
SSXx
SxS(pairs)

) S(S,
Xx

Xx 
YX

xYnn2)Y(P 
(inductive assumption)Y

Xx
 

2
)X(P

)Y(P   

 
1nn 22.2)Y(P2)X(P  
(*)n+1


0n  

 
X, Y 

 (union)X, Y 
}YxorXx|x{YX  

 (intersection)X, Y 
}YxandXx|x{YX  

 X, Y(disjoint) 
YX 



 

 (collection of sets) S
(pairwise disjoint) 

  SY,XYXYX,SY,SX   
X, YS 

 (difference)(relative complement)X-Y
XY 

 YxandXx|xYX  
 A = {1, 3, 5} ,     B = {4, 5, 6}  

 
},5{BA    },6,5,4,3,1{BA   

}6,4{AB    }3,1{BA   

{1, 4, 5} ,   {2, 6} 
S = {{1, 4, 5}, {2, 6}, {3}, {7, 8}} 
 

U
U(a universal set / a 

universe)U
UXUU-X

(complement of) XX
5} 3, {1,A U5} 4, 3, 2, {1,  U 
4} {2,  A U9} 7, 5, 3, {1,  U 
9} {7,  A  
 

Venn diagram 
     (pictorial view)  

 
 



 

                                       A                                    U 
                                                                       B 
                                                 2       3     4 
                                    1 

 
 


1

AB2A-B
3BA4B-A 


 

 
UA, B, CU

 
 (Associative laws) 

)CB(AC)BA(),CB(AC)BA(  
 (Commutative laws) 

ABBA,ABBA  
 (Distributive laws) 

)CA()BA()CB(A

)CA()BA()CB(A


 

 (Identity laws) 

AUA,AA  
 (Complement laws) 

 AA,UAA 
 (Idempotent laws) 

AAA,AAA  



 

 (Bound laws) 

 A,UUA 
 (Absorption laws) 

A)BA(A,A)BA(A  
 (Involution law) 

AA  
 0/1(0/1 laws)  

 U,U 
 (De Morgan’s laws for sets) 

BA)BA(,BA)BA(  
 


)BA( BA
 

 
 

)BA(   , BA  

 
S(union of an arbitrary family of sets) 
}SXsomeforXx|x{US  

(intersection)S 
}SXXx|x{S  

 



 

},A,,A,A{S n21  
 


n

1i
i

n

1i
i AS,AS


 

 
},A,A{S 21  

 











1i
i

1i
i AS,AS 

 
  

},A,A{S},,1n,n{A 21n   
 

 





1i
i },,2,1{AS 

.AS
1i

i 





 
(a partition)XX
(nonoverlapping subsets) 

 
(collection) S

X(partition)XX
SS

XS(pairwise disjoint)
XUS  



 


}8,7,6,5,4,3,2,1{X 

 
}}8,7{},3{},6,2{},5,4,1{{S  

S(a partition)X 
 


(list)

 
(ordered pair)(a, b)

(b, a)a = b 
]dbandca[)d,c()b,a(  

 (Cartesian product) X  Y   

X, YYX
(x, y)Yy,Xx.  
 

 X = {1, 2, 3},    Y = {a, b} 
i  Y YX, X, XY, YX 
ii  

Y.XYX

XYYX




 

i 
X  Y={(1, a), (1, b), (2, a), (2, b), (3, a), (3, b)} 

Y  X={(a, 1), (b, 1), (a, 2), (b, 2), (a, 3), (b, 3)} 

X  X={(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)} 

Y  Y={(a, a), (a, b), (b, a), (b, b)} 



 

ii YX
XY 

|X  Y| = 6 

|X| . |Y| = 3.2 = 6 = |X  Y| 

 


 
c = Cairo Univ., k = Kuwait Univ., 
b = Baghdad Univ., d = Damascus Univ.

 
s = Science, e = 

Engineering, 
m = Medicine  

 
U = {c, k, b, d}, 
F = {s, e, m} 

FU
 
(ordered lists)

(n-tuple))a,,a,a( n21 
 

 nbna,,2b2a,1b1a)nb,,2b,1b()na,,2a,1a(    

n21 X,,X,X 
)x,,x,x( n21 (n-tuples)

n,..,2,1i;Xx ii 
n21 XXX   

 
},{Z},b,a{Y},2,1{X  

ZYX 



 

 

)},b,2(),,b,2(),,a,2(),,a,2(

),,b,1(),,b,1(),,a,1(),,a,1{(ZYX




 

 
|X  Y  Z| = 8 = |X| . |Y| . |Z| 

 
n21n21 XX.XXXX    


n 

 
UFD

DFU
 

 
 

Sequences and Strings 
 

(sequence) s(list)(order)
1s2s

ns(nth element)
n(index) 
 
i (ordered list) 

2, 4, 6, ..., 2n, ... 

ss 
 ,n2s,,6s,4s,2s n321  

 



 

ii  
a, a, b, a, b 

 t 
bt,at,bt,at,at 54321   

–(set)–
(repetitions)

i
ii 

s}s{ ns
}s{ nnsn

(single nth element)s 
 

}t{ n 
1n,1nt 2

n  
(terms) 

0, 3, 8, 15, 24 

 
399120t 2

20  
 

u 
nundigital 

 7653421 u,au,tu,gu,iuu,du 
(finite sequence) 

 
s1s

(index)0
,s,s,s 210 



 

(initial index)
s

1nn}s{v0


0nn}v{x
-144

1nn}x{  
 

x 
4n1,x

n2
1

n  

x 
16/1,8/1,4/1,2/1,1,2 


 
 

s(increasing)
(nondecreasing) 

nss 1nn   
s(decreasing)

(nonincreasing) 
nss 1nn   

 
i 2, 4, 6, ...i 

ns)1n(2n2s 1nn   

ii 16/1,8/1,4/1,2/1,1,2 

nxx 1n
2

1
2
1

n 1nn
  

iii s 

3, 5, 5, 7, 8, 8, 13 



 

 
nss 1nn   

 



(subsequence) 

 
}s{ n,1m,mn  
,n,n 21 

knn 1kk   
},1m,m{ }s{

kn
}s{ n 

 
b, c 
qt,ct,bt,at,at 54321  


4n,3n 21 b, c43 t,t

21 nn t,t
c, ba, a, b, c, q

 
 
 ...,2...,,16,8,4,2 k 

 ...,n2...,,16,14,12,10,8,6,4,2 


kn1k
k 2n 

n2sn 
 



 

k1k
2n 22.2ss 1kk

 
 


(numerical sequences)(adding)

––(multiplying)
 

 
n

i
mi

}a{


 
 

 

 







n

mi
n1mmi

n

mi
n1mmi

a..a.aa

,aaaa





 




n

mi
ia



n

mi
ia 

i(index) m (lower limit)n
(upper limit) 

 
a 

 





3

1i
321i

n

,12642aaaa

1n,n2a

 

 


3

1i
321i 486.4.2a.a.aa 

 
(geometric sum) 

n2 ararara   



 

(compact)
 




n

0i

ira 

 
 




n

1x
x

n

1i
i

n

1j
j

n

1i
i aa,aa 

 
 

 




n

0i

inri 

jii = j-1 
 

j = i+1i = 0j = 1i = nj = n+1
ij 

 




1n

1j

1jnr)1j( 

 
a 

0n,)1(2a n
n  

(formula)s 




n

0i
in as 

 
 



 

 

n210
n210n

)1(2)1(2)1(2)1(2

aaaas








 


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n
 


(index)
aS 


Si

ia 

}Si|a{ i  

Si

ia 

}Si|a{ i  
 

S20 
 
Si
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1 455.1 

(string) 
 

 X(a string over)
(finite sequence)X 

 
X = {a, b, c} 

c,a,a,b 4321   

Xbaac 



 


baacacab

(repetitions)(superscript)
bbaaaccab 32 

 
(null string) 

 X*(set of all 

strings over) XX+
X(set of all nonnull strings over) 

X = {a, b}X* 
baab,abab,b,a, 520  

  (length of a string)–
 

3243 aba,aabab  
39,5  

 , 
, (concatenation of) 
cabd,aab  

    

aab

aab

cabdaab

aabcabd







 

 
 
 



 

 
(Relations) 
 

(relation)(table)
(list)(relationship)(elements)


 
 

course 


 
student 

CompSciBilal
MathAmmar
ArtBilal
HistorySohayb
CompSciSohayb
MathSalman

 
 

Relation of Students to Courses 
 


(terminology of relations)
(Ammar is related to Mathematics)

(Sohayb is related to 

History and Computer Science) 
(ordered 

pairs)(abstractly)
(x, y)x

(x is related to y) y 



 

 
 

 
[(binary) relation] RXY

(subset)YX
R)y,x( xRyx(x is related 

to y) yX = YRX
[(binary) relation on X] 
 

}YysomeforR)y,x(|Xx{  
(domain of) R 

}XxsomeforR)y,x(|Yy{  
(range of) R 

(relation)


 
 

 
X = {Bilal, Ammar, Sohayb, Salman} , 
Y = {CompSci, Math, Art, History} 

R
 

R = {(Bilal, CompSci), (Ammar, Math), (Bilal, Art), 
(Sohayb, History), (Sohayb, CompSci), (Salman, Math)}. 

R(Sohayb, CompSci)Sohayb R 

CompSciRX
Y 



 




(rule for membership) 
 

 
X = {2, 3, 4} ,  Y = {3, 4, 5, 6, 7} 

RXY 
R)y,x( xyyx

x divides y (with zero remainder) 
 
R = {(2,4), (2,6), (3,3), (3,6), (4,4)}. 

R 
X Y 
2 
2 
3 
3 
4 

4 
6 
3 
6 
4 

R{2, 3, 4}R{3, 4, 6} 
 

RX = {1, 2, 3, 4} 
.Xy,x,yxifR)y,x(  

R 
R = {(1,1), (1,2), (1,3), (1,4), (2,2), (2,3), (2,4),  

(3,3), (3,4), (4,4)} 

RX 


(digraph)X
(vertices)X(x, y)

(arrow)(a directed edge)



 

xy(x, x)x
x(loop) 
 

(digraph)R
 

 

 
 

RX = {a, b, c, d}
 

 
 

 
R = {(a, a), (b, c), (c, b), (d, d)} 

 
Properties of some relations 

 



 

 RX(reflexive) 

XxR)x,x(  

RX = {1, 2, 3, 4}
(1,1), (2,2), (3,3), (4,4)R


R

 

RX = {a, b, c, d}
bXXbR)b,b( 


b 

 RX(symmetric)
 

Xy,x]R)x,y(R)y,x[(  
R)c,b( 

R)b,c( 
vww

v
R)3,2( R)2,3( 


2332 

 RX(antisymmetric)
 

Xy,x]R)x,y()yx&R)y,x[((  
R)2,1( 

R)1,2( 



 




(b, c), (c, b)R
b, c 

(x, y)yx 
RXR

x, yX 
R)x,y(then,yxandR)y,x(if  

(true)(hypothesis)(false) 
 

 
R = {(a, a), (b, b), (c, c)} 

X = {a, b, c} 
 

 

 
 


R
(antisymmetric)(not 

symmetric) 
 RX(transitive)

 

Xz,y,x]R)z,x()R)z,y(&R)y,x[((  
 
 



 

 
(x, y), (y, z)

R(x, z)R
 

    

(x, y), (y, z) (x, z) (x, y), (y, z) (x, z) 
(1,1) (1,1) (1,1) (2,2) (2,2) (2,2) 
(1,1) (1,2) (1,2) (2,2) (2,3) (2,3) 
(1,1) (1,3) (1,3) (2,2) (2,4) (2,4) 
(1,1) (1,4) (1,4) (2,3) (3,3) (2,3) 
(1,2) (2,2) (1,2) (2,3) (3,4) (2,4) 
(1,2) (2,3) (1,3) (2,4) (4,4) (2,4) 
(1,2) (2,4) (1,4) (3,3) (3,3) (3,3) 
(1,3) (3,3) (1,3) (3,3) (3,4) (3,4) 
(1,3) (3,4) (1,4) (3,4) (4,4) (3,4) 
(1,4) (4,4) (1,4) (4,4) (4,4) (4,4) 

––
x = yy = z

(is automatically true)
x = yR)z,y(,R)y,x(  

R)z,y()z,x(  
 

yx z y 
 

(x, y), (y, z) (x, z) 

(1,2) (2,3) (1,3) 
(1,2) (2,4) (1,4) 
(1,3) (3,4) (1,4) 
(2,3) (3,4) (2,4) 



 

x
yyzxz

 


R)b,c(,R)c,b( R)b,b( 
bccb

bb 
(ordering)

R(set of integers) 
yxif,R)y,x(  

 
 RX(partial order)

R 

 
R 

xif,R)y,x(   divides y (evenly) 

(x, y)Rxyy
x 

R 
RXyx 

R)y,x( 
(ordering)X 
RXXy,x 

yx xy x, y(comparable)
Xy,x yx xy y x,

(incomparable)(pair of elements)X



 

(comparable)R(total order)
 relationis less than or equals

x, y
yx xy 

(partial order)X
(incomparable) relation]divides[


2, 32332

3, 636 
(partial orders)

(task scheduling) 
 

T(tasks)
(to take an indoor 

flash picture) 
 (remove lens cap) 
 (focus camera) 
 (turn off safety lock) 
 (turn on flash unit) 
 (push photo button) 




 
RT 

jRi   iff task i must be done before task j 

jRi ij 



 

(orders the tasks)R
(antisymmetric)(transitive)

(reflexive)R
(i, i)i = 1, 2, ..., 5 

)}5,5(),4,4(),3,3(),2,2(),1,1{(UR   

(partial order)T
(total ordering)

(consistent with)(partial order)
 

54321 t,t,t,t,t 
ji tRt itjt(list) 

   
RXY

YX(reversing)(order)R
 

 
RXY
(inverse of) R–1R–YX
 

}R)y,x(|)x,y{(R 1  
 

R 
 

 

)}4,4(),3,6(),3,3(),2,6(),2,4{(R

)}4,4(),6,3(),3,3(),6,2(),4,2{(R

1 


  



 

(describing)1R 
(is divisible by) 

(divides) 
   

 
1RXY2RYZ

(forming)XZ(applying)
1R2R12 RR 


(composition) 

 
1RXY2RYZ
(composition)21 R,R1R2R1R2R–

12 RR XZ 
}.Yysomefor2R)z,y(and1R)y,x)}(z,x{(1R2R  
 

(composition) 

)}u,8(),t,6(),t,4(),s,4(),u,2{(R

)}8,3(),6,3(),4,3(),4,2(),6,1(),2,1{(R

2

1




 

 
)u,3(),t,3(),s,3(),t,2(),s,2(),t,1(),u,1{(RR 12   

 
 
 
 
 



 

 
(Equivalence Relations) 

 
X

R, B, G
––(the family) 

G} B, {R,(partition of) X
XS––(nonempty 

subsets of) XX
S 

SX
R 

y Rx yx,T
)Ty,Tx( SST 


(is the same color as)

––
 
 

SXx R yx, y
TTy,Tx 

SSTR(reflexive)
(symmetric)(transitive) 

 
i XxxT

Sx R xR 



 

ii yRx x, yT
STy, xTy R x
R 

iii x R y, y R zx, yT
STy, zQ

SQyS
T = Qx, zT

x R zR 

 
 

S = {{1, 3, 5} . {2, 6} . {4}} 

X = {1, 2, 3, 4, 5, 6}RX
(1, 1), (1, 3), (1, 5){1, 3, 5}

SSR 
R = {(1, 1), (1, 3), (1, 5), (3, 1), (3, 3), (3, 5), (5, 1), (5, 3), (5, 5), 
 (2, 2), (2, 6), (6, 2), (6, 6), (4, 4)} 

 
 

X
X(equivalence relation on X) 
 

S, RST
TR(equivalent in the sense 

of the relation R)
]as"color sametheis"to"equivalent[" 

 
 



 

 
R{1, 2, 3, 4, 5, 

6}R
 

 
(digraph)R

R 
 

 
R

vww
vxyyz

xz 
 

 
R = {(1, 1), (1, 3), (1, 5), (2, 2), (2, 4), (3, 1), (3, 3), (3, 5), 

(4, 2), (4, 4), (5, 1), (5, 3), (5, 5)} 

{1, 2, 3, 4, 5}{1, 2, 3, 4, 5} 
 

i R 

(1, 1), (2, 2), (3, 3), (4, 4), (5, 5) R  

ii R(x, y)R(y, x)R 
iii R(x, y), (y, z) R(x, z)R 



 

R{1, 2, 3, 4, 5} 
 

 RR 

 RR
 

 RR 

 
   

   X  X(partition X)
 X     (grouping related 

members of X together)       
(equivalent) 

 
 

RX 
Xa 

}xRa|Xx{]a[  
 

}Xa|]a{[S  
X 

 
    X  

S 
XaaRa]a[a

X  S 
XS 



 

(*)]b[]a[])b[]a[x&Xx(  
a R b[a] = [b]a R b

]a[x x R aa R b R
x R b]b[x]b[]a[  

]a[]b[ 
a, b[a] = [b] 

 
Xx]b[]a[x  

x R a,     x R b                           
 

[x] = [a] ,    [x] = [b]                      
[a] = [b]  

 
 R   X  [a] 

 X(equivalence classes of)
R(given by the relation R) 
 

R
R 

 
[1]1x

R)1,x(  
[1] = {1, 3, 5} 

 
[3] = [5] = {1, 3, 5},  
[2] = [6] = {2, 6}, 
[4] = {4}. 

 



 

 
(diagraph) R 

   R 
 

 
  R 

R
(subgraphs)   {1, 3, 5}, {2, 6}, {4}.  
           

(subgraph) G   –
 –     v, w G  

(directed edge)vw}5,3,1{w,v  
vw  (adding)
(additional vertices)1, 3, 5

(resulting vertex set) 
 
  

[1] = [3] = [5] = {1, 3, 5} 
[2] = [4] = {2, 4} 

  

[a] = {a} , [b] = {b} , [c] = {c} 

 
X = {1, 2, ..., 10} 
x R y3x – yRX

 
 
 



 

 
     R    
RX 

[1]xx R 1
 

10}7,4,{1,  1}-xdivides3|Xx{]1[  
 

[2] = {2, 5, 8} 
[3] = {3, 6, 9} 

X 
[1] = [4] = [7] = [10], 
[2] = [5] = [8], 
[3] = [6] = [9]. 

     (equivalence)   
(same remainder)3 

 
RX(finite set)

r|x| / r 
 

X      
 1X  

r 

2X  

r ... 
kX  

r 

 
kr|X|   

 
 

  k21 X...,,X,X    
(distinct)X 



 

kr  r    r    r       
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
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 
r/Xk  

 
 

Functions 
 
(relation) R

XYYX 
R 

Y}ysomefor R)y,x(|Xx{R domain  
fXYf

 f X     )y (x, y), (x, f 
y y  

 
fXYXY 

 fX 
 f)y,x(),y,x( yy  

XY YX:f  
 

 
a)}(3, b),(2, a),{(1,f  

X = {1, 2, 3}Y = {a, b, c}XYfX
{a, b} 



 

jx
j(j is related to) x 
(arrow diagram) 

 
 
arrow diagram 

 



 

(sequence)
(smallest index:) 1

{1, 2, ..., n}i
ii

{1, 2, 3, 4, 5} 
 

 
b)}(3, a),(2, a),{(1,R  

X = {1, 2, 3, 4}Y = {a, b, c}XY
R

3} 2, {1,X = {1, 2, 3, 4} 



 


4R3} 2, {1,  X 

c} b, {a,Y XY 
 

 
R 

X                    Y 

 
 

 
 

b)}(1, c),(3, b),(2, a),{(1,R  
X = {1, 2, 3}Y = {a, b, c}XY

 
Rb)(1, ),a,1( b    a  


1 

 
R 

X                    Y 

 



 

 
fXYx

Xy]Yy[ f)y,x( 
yf(x)y = f(x)
f)y,x(  

 
f 

f(1) = a, f(2) = b, f(3) = a 

f(x) 
 

f2x)x(f  
f(2) = 4, f(-3.5) = 12.25, f(0) = 0 




f 
}number real a is x |)x,x{(f 2  

f 
   

 
       

 (graph)f 
(plotting)f

(horizontal axis) 
(vertical axis) 
 

2x)x(f  
 



 

 
 S

   S   
           

(domain point)      (unique range point)


x = 1 

 


(modulus operator) 
 

xyx mod y
xy 

 



 

 
6 mod 2 = 0 , 5 mod 1 = 0 , 8 mod 12 = 8 , 
7 mod 2 = 1 , 19673 mod 2 = 1 , 19674 mod 2 = 0 

 
365

 
 

714 7nn


3657
365 mod 7 

365 mod 7= 1 

 

 
[International Standard Book Number 

(ISBN)]     (code)   10  
(dashes)0-8065-0959-7  ISBN   i 

(group code)0
ii (publisher code)8065 iii

  (book code) 0959    

                                                 
 

 


 


 



 

(iv)(check character)7
ISBN(to validate) 

check character = s mod 11 =   

 9321i
9

1i
d9d3d2dd.is 


 

id(digit)i
ISBN

ISBNs mod 11010
  09    10 

X 
ISBN0-8065-0959-7 

249

99  5897065564  03  82  0  s




    

check character = 249 mod 11 = 7 

 
(cells)

(indexed)010
(storing)

(retrieving)
(a hash function)
(a data item)
(first choice)(location)

n
n mod 11

 
 

h(n)  = n mod 11 
 



 

132   102 15 5 257  558  32 
0 1 2 3 4 5 6 7 8 9 10 

 
Cells in a computer memory 

 

 
15, 558, 32, 132, 102, 5 

(initially empty cells) 
257 

h(257) = 257 mod 11 = 4 

    257  4    
(already occupied)

(collision)(occurred)
 H  

yx),y(H)x(H  
 

 (handling)     
     (collision resolution policy)  

          (next highest 

unoccupied cell)10
02576 

(locate)nm = h(n)
mn

 010 n


(empty cell)
nn 



 

–
  –    (hashing)    

          
     (hashing on employee 

identification numbers) 
   

 
     (simulating) 

(random behavior) (game program) 
(rolling dice)(a client service program)

(arrival of customers)
(generating)

      (pseudorandom numbers) 
  (dice-rolling program) (pairs)

  1 6


(predicting) 
 

   
  (linear congruential method)  

    (modulus) m  (multiplier) a
(increment) c(seed) s 

,ma2   ,mc0   .ms0   

sx0  
    (sequence)   ,x,x 21

 
mmod)cxa(x 1nn    



 


 

m = 11, a = 7, c = 5,  s = 3 

 

411mod)537(mmod)cxa(x

3sx

01

0





 
011mod)547(mmod)cxa(x 12   


 

,5x3   ,7x4   ,10x5   ,9x6   

,2x7   ,8x8   ,6x9   ,3x10   

3x10 (seed) s
(repeats)10x

 
 
3, 4, 0, 5, 7, ... 
 



(critical simulation)

(aircraft)(nuclear research)


m, a 

0c

807,167a

647,483,147,212m

5
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




 

 1231 
 



 

 
(floor)(real number) x

 xx 
(ceiling)x x

x 
 

  ,83.8     ,101.9   

  ,97.8    ,113.11 
  ,66     88   

xx
(rounds x down)(rounds x up) 

 
(graph)

(floor)(ceiling)
(included)

(excluded) 

    
 

 
 



 

  (ounce)(fraction) 

     (each additional ounce)  
 

       P(w)  
wP(3.7), P(2)

P 
 

  0w13,1w2233)w(P  
 1w 

1 
P(3.7) = 33 + 22  17.3   = 33 + 22  7.2  = 33+223 = 99 

P(2) = 33 + 22  12   = 33 + 22  1  = 33+221 = 55 

 

 
 1w2233)w(P  

 
  f X Y   (one-to-one) 

(injective) 



 

  Yy     Xx 
y  f(x)  

yf(x)Xxonemost at Yy  
 

  xx)x(f)x(f&Xx,x  
     
  (available memory)      (hash 

functions)   
 

 
 

f = {(1, b), (3, a), (2, c)} 

X = {1, 2, 3}   Y = {a, b, c, d} 

 
      X Y    

(arrow diagram)Y
(point to it)

 

 
 

 
 



 

f = {(1, a), (2, b), (3, a)} 

X = {1, 2, 3}Y = {a, b, c} 


aY

 
 
 
 
 
 
 
f 

X                             Y 

 
fXY(onto Y) Y(onto 

function / surjective function)(range of) fY 
 

i  
f = {(1, a), (2, c), (3, b)} 

X = {1, 2, 3}Y = {a, b, c} 

(one-to-one and onto Y) Y 
   XY onto
Y 

i 

 
ii  

 



 

f = {(1, b), (3, a), (2, c)} 

X = {1, 2, 3}Y = {a, b, c, d} 
Y = {a, b, c, d} (not onto) 
(onto) {a, b, c} 

 
       (onto Y)  

Y–d–
 

 
 

 (bijection)
(both one-to-one and onto) 

i 
(concepts)

     
 f (domain)         f 

(codomain/range)(x, f(x)) 
   



 

 
   

a function  not a function 

   
   



 

 
   

a bijection onto / surjective fn. 
injective (one-to-one) 

fn. 

   

 (not one-to-one) (not onto / surjective) 

(f inverse) f  
f(onto)XY

 
}f)y,x(|)x,y{(  

  Y X       f
inverse)(f1-f 

 
fi 

f1-f 
 

)}3,b(),2,c(),1,a{(f 1-  

 

1-f 
 



 

1-f
fi


onto 

 
 

x2)x(f  
R(onto)

R+)y(f 1- 
 

  1f)x,y(  
  x)y(f 1  

 f)y,x( 
x2y  

xylog2  
ylogx)y(f 2

1   
Ry)y(f 1y2

(exponential function)(logarithm 

function) 
 

   
 


(composition of two functions)gXY
fYZXxg



 

Y)x(gy f
Z))x(g(f)y(fz XZf
g(composition of f with g) gf  
 

 
)}c,3(),a,2(),a,1{(g   

X = {1, 2, 3}Y = {a, b, c} 
 

)}z,c(),x,b(),y,a{(f 
 

Y Z = {x, y, z} 
(composition function)XZ 

 
 

)}z,3(),y,2(),y,1{(gf  
 

gXY
fYZgf  
 

 
 

 
 



 

gf 
XxZzx

Yyyzgf  

 
 

f, ggf 
 

 
 

4
3  x g(x),x logf(x)  

g(f(x)),f(g(x)) 
 

4
3

4
3

 x)log(g(f(x))

)(x logf(g(x))



 

 
(composition)

(decomposition)(complicated) 
x2sin)x(f  

 
x2)x(w,xsin)x(h,x)x(g  

 
f(x) = g(h(w(x))) 



 

(decomposition technique)
(differential calculus)
g, h, w(combining)

 
(binary operator)X(associates)

XX 
 

XXX)intoXX(from 
X(binary operator on X) 

 
i X = {1, 2, ...} 

 
Xy,x;yx)y,x(f  
fX 

ii X = {a, b, c} 

 
Xoverstrings:t,s;st)t,s(f  

s, tXst(concatenation)
s, t 

fX* 
(unary operator)X

(associates)(single element)XX 
 
 

 



 

XX(from X into X)
X(unary operator on X) 
 

U(a universal set) 
 
,UX,X)X(f  
fP(U) 



 

 
 

 
  10,,3,2,1U 

 

}8,6,4,2{C},5,4,3,2,1{B},10,7,4,1{A  
 

 BA   CB 
 BA  AB  
 A CU  
 U A 
 B UA 
 UB )CB(A  

)AC(B  C)BA(  

CBA  )BC()BA( 
 

  

 BA  BA  
 )AB(B  B)BA(  
 )AC(B  )AC()BA( 
 C))AB()AC(( 
 ))BC()AB(()CB(  

 

 (group)19110
36

2018



 

6576
63 

 
 

 
 

 
 

 
 

  
 

 151
6861

5216
25

19
26

 

 }c,b,a{Y,}2,1{X  

 
 YXXY
XX YY

 

 },{Z,}a{Y,}2,1{X  

 



 

 ZYX  YYX  
 XXX  ZYXY  

 

 (all partitions) 

 }1{ }2,1{ 
 }c,b,a{ }d,c,b,a{ 

 

 (true/false) 

 }x{}x{  }x{}x{  
 }}x{,x{}x{  }}x{,x{}x{ 

 (pair of sets)
(equal) 

 }2,3,1{},3,2,1{ 

 }3,2,1{},3,2,2,1{ 

 }1,3,3{},3,1,1{ 

 }2,1{},2xx|x{ 2  

}2,1{},2x0 is a real number andx|x{ 
  P({a, b})

(proper subsets){a, b} 
 P({a, b, c, d})

{a, b, c, d} 
 X10P(x)

{a, b, c, d} 
 Xn

X 
 



 

 YX,(nonempty sets)
XYYX Y X, 

 

 X, Y, ZU
UU

“true”
 

 YX,X Y
YX 

 )ZX()YX()ZY(X 
Z,Y,X 

  )XY()YX(Y,X 
 Z)YX()ZY(X Z,Y,X 

XYYX Y,X 
 XYX Y,X 
 X)XY()YX( Y,X 
 )ZX()YX()ZY(X 

Z,Y,X 
 YXYX Y,X 
 )ZX()YX()ZY(X 

Z,Y,X 
 )ZX()YX()ZY(X 

Z,Y,X 
 )ZX()YX()ZY(X 

Z,Y,X 
 XX 



 

 
 X X 

 

 
A, B 

 ABA ABA 
UA BBA 

 
 (symmetric difference)

A, B 

)BA()BA(BA  

 }5,4,3,2{B},3,2,1{A BA  
 (Describe in words)

A, B 
 U 

A,AU,AA,AA  

  

  C,B,A CBCA 
BA  

  

BABABA  

 CBA 


A, B, C 
 

 C(circle)D
(all diameters of) CD 



 

 
 P1

 

}Pk,2k|ik{Xi  

  iXUP
2i




 

 
 (induction)

X,X,,X,X n21 (sets) 

    )XXX(X n21  
).XX()XX()XX( n21   

.XXXXXX n21n21   
 

 

 s 

c, d, d, c, d, c 

1s  4s 
s(string) 

 
 t 

1n,1n2tn  

 
i)  3t  ii)  7t  iii)  100t  iv)  2077t  

 

i)  i
3

1i
t


 ii)  i

7

3i
t


 

 



 

i)  i
3

1i
t


 ii)  i

6

3i
t


 

 (formula)
(lower index)0 

t(increasing) 
 t(decreasing) 
 

 v 

1n,2!nvn  

 
i)  3v    ii)   4v  

 

i)  


4

1i
iv    ii)   



3

3i
iv  

v 
v 

 a 

1n,3n3na 2
n  

 

i)  


4

1i
ia    ii)   



5

3j
ja  

iii)  


4

4i
ia    iv)   



6

1k
ka  

 

i)  


2

1i
ia    ii)   



3

1i
ia  



 

iii)  


3

2n
na    iv)   



4

3i
ia  

a 
a 

 b 

n
n )1(nb   

 

i)  


4

1i
ib    ii)   



10

1i
ib  

c 




n

1i
in bc  

d 




n

1i
in bd  

b 
b 

  

n,3n  
  

i)  


3

1i
i    ii)   



10

1i
i  

 c 




n

1i
inc  

 d 



 

i
n

1i
nd 


 

  

 

 x 

2n,x3x,2x 1nn1   

  

i)  


3

1i
ix    ii)   



10

1i
ix  

 c 




n

1i
in xc  

 x 

 x 

 w 

1n,w
1n

1
n
1

n   
  

i)  


3

1i
iw    ii)   



10

1i
iw  

 c 




n

1i
in wc 

 d 




n

1i
in wd 

 w 



 

w 

 u 

2n,u3u,3u 1nn1   

d 




n

1i
in ud 

 }s{ n 

1n,1n2sn  
(subsequence)s

(terms) 
 s 
  

    kn(expression)   
 

 (k th term) k 
 }t{ n 

1n,2t n
n  
t

 
 t 
  

 kn 

 (k th term) k 
 y, z 

).1n(nz,12y n
n

n  
 



 

 




















3

1i
i

3

1i
i zy 

 




















4

1i
i

5

1i
i zy 

 i
3

1i
izy


 

 




















4

2i
i

4

3i
i zy 

 r 

0n,5.42.3r nn
n  

  

i)  0r  ii)  1r  iii)  2r  iv)  3r  

 pr 
 1nr  
 2nr  

}r{ n 
2n,r10r7r 2n1nn   

 

 z 

0n,3)n2(z n
n  

  

i)  0z  ii)  1z  iii)  2z  iv)  3z  

 iz 

 1nz  

 2nz  

}z{ n 



 

2n,z9z6z 2n1nn   
 6,,2,1i,bi  

 

2
n)1n(

n )]5n)(4n)(3n)(2n)(1n(1[2b  
 

  

in2n

1i
ri 


 

(index) kii = k+1 

 
  

kn1k
n

1k
CC 


 

ikk = i+1 

 a, b 

i
k

1i
k as 


 

 

1nn1kkk
n

1k
kk

n

1k
bs)bb(sba 


 


(summation-by-parts formula)

(discrete analog)
(calculus) 

 (notion of sequence)
(allowing more 



 

general indexing)}a{ ij
 























ij

j

1i

n

1j
ij

n

ij

n

1i
aa 

 (strings) 

bbab,caaba,baab  
(compute)(quantities) 
  

   
||  ||

||  || 
   
   
 

 X = {0, 1} 
 (strings)X2 
 X2 

 X3 
 X3 

 

  s(string)(substring)t
u, vt = u s v 

 babc 
 aabaabb 

 



 

 L–
(null string)–(can be constructed)
(repeated application) 

(i) Lab&Lbathen,Lif  
(ii) Lthen,L&Lif  
 
(i) LabbaL 1)

(i) LbaL 2)
(i) LaabbbaLab 3)

  Lba&Laabb4)

(ii) Laabbba
 Laaabbb 

 Lbaabab 

 Laab 

 L
a, b 

 
 a2n2an  

 6a  


3

1i
ia  



3

1i
ia 

 (formula)a
 

 

 in

1i
r)in( 


k

ii = k+2 
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 
  

22n

1i
n i)1i(b 


 

 105 b,b 
 nb 
 b 

 b 

 
  23dc,ccddc  

    
 

 
  

a 3  8840 plane (أ  
b 1  9921 tank  
b 4  452 bomb  
c 1  2207 rocket  
a a  Khadeeja Math (ج  
b b  Maryam Physics  
   Aisha Econ  

 

  

 R = {(a, 6), (b, 2), (a, 1), (c, 1)} 
 R = {(Ahmed, Computer Sc.), (Aly, History), 

(Othman, Math), (Aly, Poly Sci)} 

 R{1, 2, 3, 4} 

yxifR)y,x( 2  



 

 (digraph) 

 {a, b, c} 
  2)}(2,1),(1,,3)(3,(2,1), {(1,2), R   

{1,2,3}X  

 1)}(4,,4)(3,3),(2,2),{(1,  R {1,2,3,4} 
  

  

  

  
 
 
 
 
  
 

 
 

 
 
 
 
  
 
  
 
 
 



 

  

 (domain)(range) 

 (inverse) 
 R{1, 2, 3, 4, 5} 

yxdivides3ifR)y,x(  
R)y,x( 3x-y 

 R 
 1R 
 R 
 R 

1R 
 1R 

 R{1,2,3,4,5}
 

6yxifR)y,x(  

 R{1,2,3,4,5}
 

1yxifR)y,x(  

  

 

  
 


 

 2yxifR)y,x(  

 yxifR)y,x(  



 

 yxifR)y,x(  

 yxifR)y,x(  

yxdivides3ifR)y,x(  
 XP(X)

X 

BAifR)B,A(  
 

 X(all four-

bit strings)0011, 0101, 1000RX
 

21Rss1s(some substring of)2
2s2 

1010R01110111101001 
1010R1111 111110102 

R 
 iRiXi = 1, 2R

21 XX  

2221112121 xRx&xRxif)x,x(R)x,x(  

 21 R,R{1,2,3,4} 

)}2,4(),4,3(),2,1(),1,1{(R1  
)}2,2(),4,4(),1,3(),1,2(),1,1{(R2  

1221 RR&RR  

 {1, 2, 3, 4} 
  

  
  



 

  
  

 

 R, SX
T (true)F (false)
 

 R, SSR  
 R, SSR  

 R, SSR  

 R1R 

R, SSR  

 R, SSR  

 R, SSR  

 R1R 

 R, SSR  
 R, SSR  

 R, SSR  

 R1R 

 R, SSR 
 

 R, SSR 
 

 R, SSR 
 

 R1R 



 

 (collection)
(nonempty subsets)

(real numbers)
 

  |ba|Bb&Aa0ifR)B,A( 
  |ba|Bb0&AaifR)B,A( 

 BbandAa0&,Bb,AaifR)B,A( 
 |ba|&|ba| 

 RX
 

Xx(x, y) , (y, x)
RR)x,y(),y,x( 
R)x,x( R 

 
 

 yxdivides2ifR)y,x(  
 yxdivides3ifR)y,x(  

 {1, 2, 3, 4}
 

 RX
2|x| RX 

RXXR  
TF

 
R R 
R R 



 

 
 

 
{1, 2, 3, 4, 5}
5} 4, 3, 2, {1,yx,  

 {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 3), (3, 1)} 
 {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 3), (3, 1), (3, 4), (4, 3)} 
 {(1, 1), (2, 2), (3, 3), (4, 4)}  
 {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (1, 5), (5, 1), (3, 5), 

      (5, 3), (1, 3), (3, 1)} 

}5y1,5x1|)y,x{(  
 }yxdivides4|)y,x{(  

 }yxdivides3|)y,x{(  

 }y2dividesx|)y,x{(  

 
(set of all people) 

 {(x, y) | x and y are the same height} 
 {(x, y) | x and y have, at some time, lived in the same 

country}  
 {(x, y) | x and y have the same first name}  
 {(x, y) | x is taller than y} 

{(x, y) | x and y have the same parents} 
{(x, y) | x and y have the same hair color} 

 

 (members of the equiv. relation)
4}3,2,{1, (given 

partition)[1], [2], [3], [4], 
 }}4,3{},2,1{{}}4,3{},2{},1{{
}}4{},3{},2{},1{{ }}4{},3,2,1{{ 
}}4,3,2,1{{ }}3{},4,2{},1{{

 



 

 }3,1{C},4,3{Y},5,4,3,2,1{X 
RP(X)–X–

 

ARB  iff  YBYA   

 R 
 [C][C]

C 
  

 

  

X = {Palestine, Egypt, Iraq, Syria, Algeria, Bosnia} 

RX 
xRyx, y 

xRy if x and y are in the same continent 

 R 

 (equivalence classes of) X 
 
 RX 

  RRX 

domain R   =   Range R   =   X 
 

 
 

 

 RX|X| = |R|
 

 

 {1, 2, 3, 4, 5, 6}
 



 

 

 {1, 2, 3} 
 

 X = {1, 2, ..., 10}RXX 

(a, b) R (c, d)  if  a+d = b+c 

 RXX 
 XX 
 
 X = {1, 2, ..., 10}RXX 

(a, b) R (c, d)  if  ad = bc 

 RXX 
 XX 
 R 

 
 RX1RR 

X 
 

 21 R,RX 
 21 RR X 
 21 RR 1R

2R 
 S(collection)X

SX (family) S
(pairwise disjoint)R 

xRySTx, yT
 

xRy  if for some set ST  , both x & y are in T 

R(necessarily) 



 

 
 S(unit square)

(including the interior) 

 
RS 

)0x&1x,yy(or)1x&0x,yy(

or)yy&xx(if)y,x(R)y,x(





 
 RS 
 (same 

equivalence class)(glued 

together) 

 S
RS 

)0y&1y,xx(

or)1y&0y,xx(or)0x&1x,yy(

or)1x&0x,yy(or)yy&xx(if)y,x(R)y,x(





 

))}0,0(),1,1((

)),1,0(),0,1(()),0,1(),1,0(()),1,1(),0,0{((RR  

R S 
 
 RX 



 

}.,2,1n|R{)R(

)s'nR(RRRRR

RR)R(

}Xx|)x,x{(R)R(

n

n

1














 

)R(R
(transitive closure of R) 

 21 R,R
 
2,1i))),R(((),R(),R(),R( iiii  

 )R( 

 )R( 

 )R( 

 RR)R(  
 (true)

21 R,R
X(false)

 

i)R()R()RR( 2121  
ii)R()R()RR( 2121  

iii)R()R()RR( 2121  
iv)R()R()RR( 2121  
v))R(())R(( 11 

vi))R(())R(( 11  

vii))R(())R(( 11  

 
 



 

  

)}3,3(),1,2(),4,4(),2,2(),2,1(),1,1{( 
}4,3,2,1{ 

  

)}3,4(),4,3(),1,2(),2,1(),4,4(),3,3(),2,2(),1,1{( 
}4,3,2,1{ 
 [3]3 
 (distinct) 

 
 

}e,d,c,b,a{ 

}c{},e,d,b{},a{ 

 R
(set of eight-bit strings)  

21Rss21 s,s 
[ 21Rss  if 1s  and 2s  have the same number of zeros] 

 R 
  

  

 
 (true)(false) 

 
 

 R 

xRy2x + y 

R 



 

 

 
}4,3,2,1{X }d,c,b,a{Y 


(describe)


 

 )}b,4(),c,3(),a,2(),a,1{( 

 )}d,2(),c,4(),b,3(),a,2(),c,1{( 

 )}b,4(),a,3(),d,2(),c,1{( 

 )}a,4(),d,2(),d,1{( 

 )}b,4(),b,3(),b,2(),b,1{( 
 

 (graph) 

    xx)x(f  

  xx)x(f  

 



 2x)x(f 

  xx)x(f 2  

 


a, b
f(a) = f(b)
y

y)x(f x 
 9x6)x(f   1x3x3)x(f 2  
 xsin)x(f   4x2)x(f 3  



 

23)x(f x   
2x1

x)x(f



 
   

  
  

 

  

 2x4)x(f  x3)x(f 
 xlog3)x(f 2 

x
13)x(f  

5x4)x(f 3   1x726)x(f  
 

  

)}a,3(),c,2(),b,1{(g  
}3,2,1{X }d,c,b,a{Y  

)}w,d(),z,c(),x,b(),x,a{(f  
Y}z,y,x,w{Z  
gf gf  
 

 f, g
 

f(n) = 2n + 1, g(n) = 3n – 1 

 
fg,gf,gg,ff   

 f, g
 

n2 2)n(g,n)n(f  



 

 
fg,gf,gg,ff  

 f, g
 

  2x)x(g,x2)x(f  
 

fg,gf,gg,ff   

 
 (decompose)

(simpler functions) 
 )2x(log)x(f 2

2  2x2
1)x(f  

x2sin)x(f   xsin2)x(f  
4)xsin3()x(f   3)x6(cos

1)x(f  
 

  

}Xx|)x,x{(f 2  

}5,4,,4,5{X 
ff 
ff 
 

 }2,1{}b,a{
 

 

  

)}b,c(),a,b(),b,a{(f  
}c,b,a{X  X 



 

 ff fff  
  

ffff n  
fn(n-fold composition of f with 

itself)6239 f,f 
 f}4,3,2,1,0{X X

 

5modx4)x(f  
fff

f 
f}5,4,3,2,1,0{X X

 
6modx4)x(f  

fff
f 
m, nf

}1m,,1,0{X  X 
mmodnx)x(f  
m, nf

 
 
 ISBN

1089008130 (verify)(ISBN 

check character) 

 

  (Universal Product Code) (UPC)  



 

 (familiar bar code)


(automatically priced)(checkout 

counter)UPC12 

 02
3 

 (manufacturer) 
  

 (check digit) 

i s 

s = 3t + u 
t

u
 

ii c0 , 9
 

(c + s) mod 10 = 0 
0-54400-00800-5 

s = 3(0+4+0+0+8+0) + (5+4+0+0+0) = 45 
5c010mod 45)  (c  

UPC 
3-41280-21414 

 (inserting)
––(initially empty 

cells) 
 h(x) = x mod 11 

100cells indexed  



 

data: 53, 13, 281, 743, 377, 20, 10, 796 

 

 h(x) = x mod 17 

160  

714, 631, 26, 373, 775, 906, 509, 2033, 

42, 4, 136, 1028                   
 

 11 mod  x h(x) 2 

 

 

 17 mod x)(x  h(x) 2  

 

 

  (storing)(retrieving)


(deleting)
 

 
10(units)


(searching) 

 gXYfYZ
(true)

(false) 

 fgf  

 f, ggf  



 

 f, ggf 
 

 gf f 

 gf g 

 gf f 

 

 fXY 

 YB,XA  
 

}B)x(f|Xx{)B(f

},Ax|)x(f{)A(f

1 


 

)B(f 1Bf 
(inverse image of B under f) 

 g = {(1, a), (2, c), (3, c)}X = {1, 2, 3}
Y = {a, b, c, d} 

}c,a{V},a{U},3,1{T},1{S  
 

)V(g),U(g),T(g),S(g 11  

 fXYf
 

)B(f)A(f)BA(f  
A, BX 

 fXYRX 

)y(f)x(fifxRy  
RX 

 fXY(from X onto Y) 



 

}Yy|})y({f{S 1   
)B(f 1B

 
S(partition of X) X

 
 

 RAfA
A(equivalence classes of A)f(x) = [x]
f(x) = f(y) 

 

 RAgA
X(from A into a set X) 

)y(g)x(gthen,xRyif  
h([x]) = g(x)A
(into) X 

h[x] 
(uniquely assigns a value to [x]) 

if [x] = [y] ,    then  g(x) = g(y) 
 

 fXYf
gAX

gf  a is g whenever iff one-to-one is (f 

one-to-one function from any set A to X, gf   is one-to-one) 

 

 fXYf(onto)Y
gY(onto)Z

fg Z 
 



 

 U(universal set)UX 
 









Xxif0

Xxif1
)x(CX 

XCXU 
[characteristic function of X (in U)] 

 
 Ux)x(C.)x(C)x(C YXYX  

Ux)x(C).x(C)x(C)x(C)x(C YXYXYX  
 Ux)x(C1)x(C XX  
 Ux)]x(C1[)x(C)x(C YXYX  
 Ux)x(C)x(Cthen,YXif YX  
 iff,Ux)x(C)x(C)x(C YXYX  

YX 
 YXC YX

(symmetric difference)X, Y
 

 fP(U)U
 

XC)X(f  
 

 fXRX 

xRy    if    f(x) = f(y) 

R
 



 

 X, Y
X(X is equivalent to Y) Y

(one-to-one & onto)X
Y 
 (set equivalence)

(equivalence relation) 
 X, Y(finite sets)

XY
YX, 

 {1, 2, ...} ,  {2, 4, ...} 

 XXP(X)
(power set of X) X 

 X, YX
YY(onto) X 

 

 (binary operator) f(commutative)
 

Xy,x)x,y(f)y,x(f  
–f–f

Xf
f 
 f(x, y) = x + y,    X = {1, 2, ...} 
 f(x, y) = x - y,    X = {1, 2, ...} 
 f(s, t) = st,    X = set of strings over {a, b} 
 f(x, y) = x/y,    X = {0, 1, 2, ...} 
 ...} 2, {1,  X    xy,-y   x y) f(x, 22  



 

 
 xx)x(f 

 

 {..., -2, -1, 0, 1, 2, ...} 

 (set of strings over) {a, b} 
 

 fXY 

}f)y,x(|)x,y{(  
YX 

 
 (true/false)

 
     3x3x  

      yxyx  

      yxyx  
 

 n 

   
2

1n
2

1n
4

n2 



 

 
4

3n
4

n 22 



 

 
 x 

    1x2x2  
 x 

     x2x21x2  
 



 

 x
yy 

7modxy
400

1x
100

1x
4

1x 



















  




 
1945 
2000 
2004 

 y 

 0 

 1 

 2 

 3 

 4 

 5 

 6 

 

 X
(set of sequences with finite domain)R

X 

sRt if |domain s| = |domain t| and 
     , if domain s = {m, m+1, ..., m+k} & 
           domain t = {n, n+1, ..., n+k} 
       then sm+i = tn+i   for i = 0, 1, ..., k. 

 R 
 XR 
 




(equivalent sequences)X(equal 

sequences)X 



 

 
 X{a, b}4

Y{a, b}3f
XY 

)(f α 
ff 

 
 x, y 

      1xyyx  
 

 f, ggf (onto)g
 

 

  

h(x) = x mod 13 
 

 

784, 281, 1141, 18, 1, 329, 620, 43, 31, 684 

–012 
 



 

 
 

 
Counting Methods 

 


(run time of an algorithm)
(loops)


(useful aids)


 

 
 

Basic Principles 

 
 


(appetizers)(main courses)

(beverages) 
i (different dinners)


12 

FM, FO, FA, FT, CM, CO, CA, CT, BM, BO, BA, BT 

CO(Chicken)
(Orange Juice)

4312  



 

 
 

Appetizers
1.250  Vegetable Soup  
1.000  Salad   

 
Main Courses

3.150  Fish Filet   
2.950 Chicken  
3.000 Beef  

 
Beverages

0.500 Milk  
0.400 Orange Juice  
0.400 Apple Juice  
0.250 Tea  

 
food menu 

 

ii 24
 

VFM, VFO, VFA, VFT, VCM, VCO, VCA, VCT, 
VBM, VBO, VBA, VBT, SFM, SFO, SFA, SFT, 
SCM, SCO, SCA, SCT, SBM, SBO, SBA, SBT 

X
YZ

XYZ
 43224  



 





43224 ,4312  

 
(Multiplication Principle) 

(activity)t
(successive steps)1n
(ways)2n

ttn
(number of different possible 

activities)t21 n.n.n  
(counting)

(first step)
(select the main course)

(select the beverage)42n,31n 
1243 

43(groups)
(objects) 

 
 Fish Filet    Chicken   Beef  
             
             

Milk 
Orange

Juice 
Apple 
Juice 

Tea 
 

Milk
Orange

Juice 
Apple
Juice

Tea Milk
Orange 

Juice 
Apple 
Juice 

Tea 
 




 



 

 
 


(optional 

beverage) 
 

 
(select the main course) 
(select an optional 

beverage) 
31n  

52n 
 

1553 


N (No beverage) 
FM, FO, FA, FT, FN, 
CM, CO, CA, CT, CN,
BM, BO, BA, BT, BN.

 
 (strings)4

A, B, C, D, E
(repetition) 

 B 
 B 

 



 

 4









 
 

1202345  string
s

 B


(B)



B 

Strings242341 
 

 4
ABCDE120

24B
B 

9624120  string
s

 



 

(digital picture)(encoding)
(amount of light)

(as an eight-bit string)(values)
(possible) 

 
 

[binary 

digits (binary units) bits]


bit01
(eight-bit encoding)

 
2568222222222  

 
}x,,x,x{ n21 n

(subsets)n2
 

 
n

(pick or do not pick x1) x1
2xnx

 
n2

nمرة
222    

 



 

Xn(A, B)
(ordered pairs)XBA  

 
(A, B)
X

B-X A,-BA,(assigning)X
A(assumption)

BXB-AX
 

                                X 
 
       B 
 
             A                           

 

 
 

X-B(A, B)(unique ordered 

pair)XBA (A, B)
X

A, B-A, X-B
(process)nX

A, B-A, X-BX
A, B-A, X-BnX
A, B-A, X-B

(A, B)
XBA  



 

n

nمرة

3333    

   
 

––


 
 

01
101111 

 
(constructing)

101


(bits)01
101 

32222222 5  


11132 
3210132

111(32 + 32 =) 

64(64 eight-bit strings)101
111 

3232
(each type)
 



 

 
(Addition Principle) 

t21 X,,X,X iX
i  in   }X,,X,X{ t21 

  (pairwise disjoint family) 
)XXji( ji (number of 

possible elements)1X2X
tX 

t21 nnn   
(equivalently) 

t21 XXX  
t21 nnn   

 
1X 101 
2X111 

1X2X
–

21 XX 32 + 3264 



 



 
 



 





 
 





––1535 
1025 

623 



 

3161015  
 

A, B, C, D, E, F 
(select)(chairperson)

secretarytreasurer 
  

 AB 

 E
 

 DF
 

 



 

 
 

 


     

 
120456  

 A(argument)
2045 

B20


 

402020  

 E–
–20
E20

E20
(pairwise 

disjoint)
 

60202020  

E


E(assign E an office)(fill the highest 

remaining office)(fill the last office)
(E

E



 

E


 

60453  

 DF
DF


DF

DF


 

24423  
   

 
 

Permutations and Combinations 

 
 

(candidates)A, B, C, D



(ballots)


(distinct ballots) 
 






 










 
241234  

 
(permutation)nn1 x,,x 

(distinct elements)(an ordering)n1 x,,x 
n 

24
24(objects) 
 

(permutations)A, B, C 
 


 

6123  
 

ABC, ACB, BAC, BCA, CAB, CBA

 
 

nn! 
(There are n! permutations of n elements) 

 



 

(constructing)nn


nn
n-1

n-2


n 
n(n-1) (n-2) ... 2.1 = n! 

 
10 

 
 

800,628,312345678910!10   

 
A, B, C, D, E, F

DEF
D, E, FDEFBADEFC

DEFBCA 
 

DEFD, E, F
DEF––

(tokens / objects)
DEF

A, B, C 
DEF A B C

 
 



 

4!
A, B, C, D, E, F

DEF 
4! = 24 

 
 

 
A, B, C, D, E, F

DEF(together)(any order) 
CBAFED, EDFBCA, BADEFC 

 
(two-step 

procedure) 
 (ordering)D, E, F 
 A, B, C, D, E, FD, E, F

 

3! = 6
  24

         
A, B, C, D, E, FD, E, F

 
6  24 = 144 

 
(be 

seated)(around a circular table) 
(seating)

(moving)n



 

(seats)(clockwise)
(identical) 

 
A, B, C, D, E, F

(seatings)(rotation)
(seat)–A–(arbitrarily)

(order them)
(seat them)(order)––

AC, D, B, F, E
(permutation)

5! = 120120
 

 
 

(argument)
n

(n-1)! 
   

 



 

(ordering)r(selected)
n(available)

rn–r (r-permutation) 
 

r(r-permutation)[(distinct) elements]
n1 x,,x n(ordering)–r
–(r-element subset)}x,,x{ n1 r

(number of r-permutations)n(n 

distinct elements) P(n, r) 
 

2(2-permutations)a, b, c 
ab, ba, ca 

 
rr = n

nnn
(a permutation)P(n, n) = n! 

 
r-(distinct objects)

n 
P(n, r) = n(n-1)(n-2) ... (n-r+1),    r ≤ n 

 
(ordering)r

(n-element set) n
n

n-1
(r-1)r



 

n-r+1r
n 

n(n-1)(n-2) ... (n-r+1) 

 
2X = {a, b, c}3 

P(3, 2) = 3  2 = 6 

2 
ab, ac, ba, bc, ca, cb 

 
 


(vice-chairperson)(group)

10 
 

(ordering)
(selected)10

(picking)(first pick)


(uniquely)
 

P(10, 4) = 10  9  8  7 = 5040 

 
 

rn 

)!rn(
!n)r,n(P  

 
  1)r-(n...1)-n(n  r) P(n,  



 

)!rn(
!n

1.2)rn(
1.2 r)-1)(nr-(n  1)-n(n


 


 
 

 


 

!6
!01

)!410(
!01)4,10(P   

 
 

MJ
(line up)

J 
 


MJ7

7! = 5040M
5040
71 MM J

JJ
–

 
 7654321 MMMMMMM 

J 
P(8, 5) = 8  7  6  5  4 = 6720   ways 



 


MJJ

 
5040  6720 = 33, 868, 800 

(objects)
(selected)(order)(combination) 
 

}x,,x{X n1 
n 

 rX(r-combination of X)
(unordered selection)Xr

Xr(r-element subset of X) 

 r-n
(number of r-combinations of a set of n distinct elements)

C(n, r)r
n 

 
A, B, C, D, E





 
 

(order)
A, B, C

C, A, B
10 

ABC, ABD, ABE, ACD, ACE, ADE, BCD, BCE, BDE, CDE 



 


C(5, 3)

3(number of 3-combinations of 5 

elements) 
C(5, 3) = 10 

C(n, r) 
 

rn 
(number of r-combinations of a set of n distinct objects)

 
nr,)r,n(C

!r)!rn(
!n

!r
)1rn()1n(n

!r
)r,n(P  

  
 

 r)C(n,
–rn
P(n, r)
C(n, r)

–rn
C(n, r) 
 

rnP(n,r)
rXn

 
–rX
r(selecting an unordered subset of X of r items) 

(ordering) 



 

2{a, b, c, d}4
2

2{a, b, c, d} 

 
2-(2-permutations){a, b, c, d} 

r-r-
(orderings)r 

P(n, r) = C(n, r) . r! 

 

!r
)r,n(P

)r,n(C  
r

C(n, r) 
 

(committee)
10[(selecting a 

committee of three from a group of 10 (distinct) persons] 
 

(unordered 

group of people) 
120)3,10(C

!3
8910   

 
65





 


 

 


 
C(6, 3) = 20 

 
C(5, 2) = 10 


 

20  10 = 200 

 
(eight-bit strings)

8
(exactly four 1’s)10011010 

 


(uniquely determined)
(bits) 

C(8, 4) = 70 

 
(ordinary deck of cards)52

(4 suits)–
–(clubs)

(diamonds hearts(spades)
13(denominations)



 

(ace)210(jack)(queen)
(king) 

 
[(unordered) five-card poker hands]

52[52-card deck] 
 (poker 

hands)
(same suit) 

 
(denomination)

 

 
 C(52, 5) = 2,598,960 

 
(select a suit)
(select five cards from the chosen suit) 


C(13, 5)

 
5148)5,13(C4  

 
 

 (select the first denomination) 
 (select the second denomination) 
 (select 3 cards of the first 

denomination) 



 

 (select 2 cards of the second 

denomination)13
12

3C(4, 3)
C(4, 2)
 

3744)2,4(C)3,4(C1213  
 

 
Binomial Coefficients and Combinatorial Identities 

 
n)ba( 


n)ba()ofansion(exp 

– r n 
n)ba( 

 
(*),)ba()ba()ba()ba(

n عامل factors)(n 

n
  

  

ab
(products)

3)ba( ab
(a+b)ab(a+b)ab
(a+b)

a
aaaaba



 

aba
 


 

 


(a+b)




(a+b) 



(a+b) 

3aaaa a a a 

baaab 2b a a 
baaba 2a b a 
2ababb b b a 
babaa 2a a b 
2abbab b a b 
2abbba a b b 
3bbbb b b b 

3)ba(  
 

3223

32222223

3

bab3ba3a

bababbaabbabaa

bbbbbababbaaabbabaaabaaa

)ba()ba()ba()ba(








 

kkn ba b
kan-k

C(n, k)C(n, k)
 k n   kkn ba  

C(n, k)         
 



 

(**)ba)n,n(Cba)1n,n(C

ba)2,n(Cba)1,n(Cba)0,n(C)ba(

n01n1

22n11n0nn









 

 
a, bn 

kknn

0k

n ba)k,n(C)ba( 


 

 
  
 n 

 r)C(n,     (binomial 

coefficients)       (binomial) a+b
(power) 

 
n = 3 

3223

302112033

bab3ba3a

ba)3,3(Cba)2,3(Cba)1,3(Cba)0,3(C)ba(





 
4)y2x3(  

 
 

4n,y2b,x3a  
 

4031

221304
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ba)2,4(Cba)1,4(Cba)0,4(C

)ba()y2x3(
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y)2(x3.6)y2(x3.4x3
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

 

 
 
 45ba  9)ba(  
 
 45ba
n = 9,  k = 4 

4545kkn ba126ba)4,9(Cba)k,n(C  
45ba126 

 
 432 zyx9)zyx(  
 
  

)}terms9(حدود/أقواس9{

)zyx()zyx()zyx()zyx( 9  
 

   432 zyx  x     
yz

xC(9, 2)
yC(7, 3)



 

    z    432 zyx 
9)zyx(  

.1260)3,7(C)2,9(C
!4!3!2

!9
!4!3

!7
!7!2

!9  
        (binomial 

coefficients)  (triangular form)   
(Pascal’s triangle)      

(borders)1’s(interior 

value)
 



15101051

14641

1331
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1

 

 
 

nk1         k),C(n,1)-kC(n,  k) 1,C(n  

 
XnXa 

C(n+1, k)}a{XY 
k 

(2 disjoint classes) 
 Ya 
 Ya 

       X
    k      C(n, k) 



 

X
(k-1) –  a 
C(n, k-1) 

C(n+1, k) = C(n, k-1) + C(n, k) 

 
  
       (counting process)  

 (combinatorial identity)    
 (formulation)  
(combinatorial argument)    
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 (sum)4 
 (double outcomes)

 

 711 
 2 

 2
 

 2
 

 2 

  

 105
 

  
 (round-trips)

–––– 

 ––
––(return trip)

 

 

 (car license number)
(3 letters)(2 digits)

(different car license 

plates) 



 

 (repetition)26
10 

  
  (eight-bit strings)

1100 
 1 
 

1second or fourth bit (or both) 
 

1(exactly one 1) 
 

1(exactly two 1’s) 
 

 1(at least one 1) 
 


01111110

(palindrome) 
 A, B, C, D, E, F

 

 C 
 B

F 
 BF 

 D
F 



 

 D
 

 B 

 

 A, B, C, D, E
3 

 
(allow repetitions) 

  

 A
 

 A
 

 A
 

 A
 

 5200(inclusive) 
  

  

  
 5(divisible by) 

 72 
 (consists of distinct 

digits) 
 7 



 

 0 
 1016 
 (its digits are in strictly 

increasing order)13, 147, 8 

 xyzzy&yx0  
 (months of the 

birthdays) 

(possibilities)
 

 
(at least two people)

(have their birthdays 

in the same month) 
 


 

 (arranging)
(shelf) 

 


 

 
 

 
 



 

 
 

 (versions)
(identifier)(string)

(alphanumeric characters)(letter)
A, B, …, Z, 0, 1, …, 9

(valid identifiers) 

 XnYm
XY 

 10(copies)
1010 

 (terms) 

(x+y) ( a+b+c) (e+f+g) (h+i) 

 (subsets)(2n+1)
n 

 X, Y(not disjoint 

subsets)YX
YXYX  

(arbitrary sets) X, Y
YXYXYX  

 

 (eight-bit strings)
100(fourth bit)

1 
 1 



 

 A, B, C, D, E, F
 

 BA 

 CA
 

 
(outcomes)3

(even sum) 
 (binary operators)

}n,,2,1{   
(commutative)

}n,,2,1{   
 0

101 
 

(different subjects) 

6 
9 
7 
4 

 n(onto)
{0, 1} 

 G, H, I, J, K, L, M


G
 



 

 
 

 a, b, c, d 
a, b, c, d 
3-a, b, c, d 
3-a, b, c, d 

11 

5-11 
 

11 


12 

12(horses)
(Win)(Place)

(Show) 
 (strings)(ordering)

A, B, C, D, E 

 ACE 
 A, C, E 

 DB, AE 
 AEEA 

 ADBCAED, BCADE 

 AB, CD 
 AB, BE 
 ACCE 
 DBBE 



 

 M, V, J  
 MVJ

M
 

 MJ 

 MJ
 

 MJ
M 

 MJ
M 

 X = {a, b, c, d} 
 3-X 
 3-X 
 3-3-X


 

 
11 

 
12 

 
44 

 48
 



 

 
 

  

  

  

  

 
 

 
 

 

1012


 

 (eight-bit 

strings)
10011101 

 (eight-bit strings)
(consecutive)

three 0’s in a row
11000111, 00011111 

 
–– 

 52
(ordinary 52-card deck)



 

[(unordered) five-card poker hands]52
 

 (four aces) 
 (kind)

(same denomination) 
 (spades) 
 (exactly two suits) 

 (cards of all suits) 
 A, 2, 3, 4, 5

(of  the same suit) 
 (consecutive)

(ace)(denomination)(of the 

same suit) 
  

 (denomination)
 

 52
13[(unordered) 

13-card bridge hands]52 

 13 

 (same suit) 
 (exactly two suits) 
 (contain all four aces) 

 (spades)
(hearts)

(clubs)(diamond) 



 

 (one suit)


 

 (3 suits)
 

 (face card)
10, J, Q, K, A 

 (coin)H(ead) & T(ail)
(flipped / tossed)10 

 (possible outcomes)
(outcome)(list)

 

H  H  T  H  T  H  H  H  T  H 

 H
(exactly) 

 H(at 

most) 
 H 

 H, T 
 (shipments)50

(microprocessor)(defective) 
 50

 
 

(nondefective) 



 

 
(exactly two) 

 
(at least) 

 (bit strings)
n 4n 10

C(n+1, 5) 
n(n-bit 

strings)k(exactly k 0’s)
(no two consecutive zeros)

C(n-k+1, k) 
 

k-1(its k-1 successors)
(divisible by) k ! 

 nr(distinct)
n-r(identical)

 

)r,n(C!r)r,n(P  
(counting)(number of 

orderings)n
 


r(count the 

orderings by first choosing positions for the r distinct 

objects) 
  



 


n-r(by 

first choosing positions for the n-r identical objects) 
 k,ns

n(round tables)k


k,ns(Stirling numbers of the first 

kind)(ordering)
(seating arrangement)
(except for rotations)

(pair)
A, B, C, D

(distinct) 

 
 

 

 
 



 

 
 

 
 

 0s k,n k > n 
 1s n,n n1n  
 1n!)1n(s 1,n  
 2n)2,n(Cs 1n,n  

2n)1(!)1n(s
1n

1
3
1

2
1

2,n   

 1n!ns k,n
n

1k



 

 3n,s 2n,n  

 k,nS
(partitioning)(set)n

(nonempty subsets)k
(order of subsets)k,nS

(Stirling numbers of the second 

kind) 

 0S k,n k > n 



 

 1n1S n,n  
 1n1S 1,n  
 3S 2,3  

 7S 2,4  
 6S 3,4  
 2n12S 1n

2,n   
 2n)2,n(CS 1n,n  
 3n,S 2n,n  

 (equivalence relations)
n 

k,n
n

1k
S


 

 (strings)(forming)
(ordering)A, B, C, D, E, FA

CEC 
 (six-card hands)

52(ordinary 52-

card deck)(suit)
 

 (shipments)
(compact disks)100

(defective)


(nondefective) 
 



 

 

  

4)yx(   5)d3c2(  
 (coefficient)(term)

(expansion) 

 1174 )yx(;yx  

 1266 )ts2(;ts  

 10532 )zyx(;zyx  

 125232 )zy3xw2(;zyxw  

 3232 )dxa()cxa(;xa  

 432 )xa()xaxa(;xa  

 5243 )xa()xaxa(;xa  

  

 10)zyx(  

 12)zyxw(  

 210 )zyxw()zyx(  

 (Pascal’s triangle)(next row)
 

1 7 21 35 35 21 7 1 

  

2/)1n(kiff)1k,n(C)k,n(C  
  

C(n, k),        k = 0, 1, 2, ..., n 

      2/n,nC 
  



 

)k,n(C)1(0 kn

0k



 

 43yzx8)zyx2(  
  

nk1         ;k)C(n,1)-kC(n,  k) 1,C(n  

 
nr,)r,n(C

!r!)rn(
!n

!r
)1rn()1n(n

!r
)r,n(P  

  
 (combinatorial argument) 

C(n, k) = C(n, n-k) 

  

n)1n(3221   

 )1k,1n(C)k,i(C
n

ki



 

222 n21   
  

nkn

0k
3)k,n(C2 


 

 n 

)1k2,n(C2)k2,n(C
2/n

1k

1n2/n

0k







 

  

jinji
!)jin(!j!i

!n

nji0

n cba)cba( 



 

 3)zyx(  
  

!)jin(!j!i
!n

nji0

n3 


 



 

  

1kn

1k

1n kx)k,n(C)x1(n 



  

  

)k,n(kC2n
n

1k

1n 


 

  

  

1)k,n(C)1(2 kknn

0k
 


 



 

 
 

 
Graphs and Trees 

 
(graph theory)


 

 
Graphs 

 
[(undirected) graph]

V(vertices / nodes)E
(edges / arcs)Ee(associated 

with)(unordered pair)e
(unique edge)w,vw)(v,e 

 v)(w, e w)(v,w,v
(denotes an edge between)

 
(directed graph)

(digraph)GVE
Ee

e
 w)(v,w,v w)(v,e 

vw(denotes an edge from v to w) 



 

e
w,ve(incident on) v, w

w,v(incident on) 

e(adjacent vertices) 
GVE

G = (V, E) 
E, V(finite)

V(nonempty) 
 

G[(undirected) graph]
 

V = {a, b, c, d, e, f, g, h} 

 
}e,,e,e{E 1221  

 
 




 
 

1e{a, b}
4e{d, f}1e



 

(a, b)(b, a)4e(d, f)(f, d)
11ee, ge, g 
 


 

 
1e)v,v( 127e

)v,v( 661e
)v,v( 127e)v,v( 66 


(distinct edges)(same pair of vertices)

109 e,e}g,a{ 
 

 
(parallel edges) 

 (incident on)(single vertex)
(loop) 

 (incident on)
(isolated vertex) 

 
  



 

 
 21 e,e}v,v{ 21

 

 )v,v(e 213 2v 
 4v 

 
(parallel edges)

(loops)(simple graph) 
 


 

 
 


(graph) 
 

(numbers)
(weighted graph)k



 

ee(weight of the edge e)
––




 
 
  

 
(c, e)5 

 

0v(travel)
(along an edge)1v2v
(arrive)nv

(complete tour)(a path)0vnv 
(length of a path)(sum 

of the weights of the edges in the path)
ac(visits)(terminates)
b8 




1v,v,v 32
nv1v



 

,v,v 32nv
(a path of minimum length)
(visits every vertex)(exactly one time)

(optimal path)(to follow) 
 


ae


(minimum-length path) 

 
(all 

possible paths)ae(every vertex)
(exactly one time)(shortest one)

 
 

Length

 

Path 
21 a, b, c, d, e 
28 a, b, d, c, e 
24 a, c, b, d, e 
26 a, c, d, b, e 
27 a, d, b, c, e 
22 a, d, c, b, e 

a, b, c, d, e
(21)

(starting and ending vertices)
 

v
w––

vw
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(time consuming way)
(practical)

 
 

   
 

(special graphs)
(graph theory) 

 
nKn 

(The complete graph nK  on n vertices) 

n
(edge)(every pair of distinct vertices) 
 

4K 

 
 

)E,V(G (bipartite)
21 V,VV(empty)

 
VVV,VV 2121  
E(incident on)1V2V 

 
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 

 
 

}v,v{V&}v,v,v{V 5423211  
1V2V 

 
e

1V2V1v
1V2v2V21 v,v

}v,v,v{V 3211 
}v,v{V 542 

1V2V)v,v( 51 
 


 

 
 

(by contradiction) 



 


(partitioning)21 V,V

1V2V
654 v,v,v54 v,v(adjacent)

1V2V4v1V5v
2V65 v,v5v2V6v
1V64 v,v4v1V6v
2V6v21 V,V
21 V,V(disjoint)
 
 

1K
1V2V

1V
2V 
 

n,mKm, n 
(The complete bipartite graph n,mK  on m and n vertices) 

(partitioning)
1Vm2Vn

21 v,v1v
1V2v2V 
 

4,2K
 



 

 
 

 
Paths and Cycles 


(formal definition) 

 
n0 v,v(path)0v

nvn(alternating sequence)
n+1n0vnv 

)v,e,v,,v,e,v,e,v( nn1n22110  
iei1i v,v n,,2,1i 

0v1e1v
2e2vnv 

 
G 

 )2,e,4,e,3,e,2,e,1( 4321 
 412 
    (6) 

 066
6 
 



 

 
 

(parallel edges)



 

(1, 2, 3, 4, 2) 
 

G(connected graph)
(a path)v, 

wGvw 


 
 

G
v, wGvw 

 
 G(not connected)

––2v
5v 

 



 

 
 
 
G  
 


(one piece)


(subgraphs)
(components)

 
G (a subgraph) 

GGeG
v, wGv, w

G 
 

(V, E)G =)E,V( 
(subgraph)G 
 EE&VV  
 Ee ew,v Vw,v  
 

)E,V(G 
(a subgraph))E,V(G 

 



 

   
GG 
 

(all subgraphs)
G
 

 
 

i (edge)1v
2v21 v,v
321 G,G,G 

ii 1eG
1e

4G 

 
 

G 
 

 



 

GvG
GGG
vGv

(component of G containing v) 
 

GG
 

 
GG

3v 

}e,e,e{E),v,v,v{V),E,V(G 32113211111  
G4v 

 242222 E},v{V),E,V(G 
G5v 

}e{E),v,v{V),E,V(G 43653333  
(characterizations)
)E,V(G RV

 
21 vRv1v2v 

RVVv
v 

}wRv|Vw{]v[  
(path)(repetition)
(1, 2, 3, 4, 2)

2 



 

(subclasses)
(prohibiting duplicate vertices or edges)

n0 v,v(identical) 
 

v, wG 
 vw(a simple path)vw

 

 (nonzero length)vv
(cycle / circuit) 

 vv
(beginning and ending vertices)–v–
(simple cycle) 

 
G

 
 

(6,5,2,4,3,2,1)    
(6,5,2,4)    

(2,6,5,2,4,3,2)    
(5,6,2,5)    

(7)    
(cycle)(graph)

(traversing)(edge)
(exactly one time) 

 
 



 

 
(Euler cycle)

(includes)
 

 
)v(vG 

(  )v(  degree of a vertex v in a graph G) 

(incident on) v 
 

(loop on) v2
v 
 

GG
(connected) 
 

Gv
vG 
i G

"t"t
t

t
t(pairs)t

t
tt

(contradiction)G
 



 

ii v, wG(portion)
vwvwG
 

 
GG

 
 

 
 

G
G

(an Euler cycle for G) G 

 
 

G 

2)v()v(

6)v(

4)v()v()v()v(

76

4

5321





 

G
 
)v,v,v,v,v,v,v,v,v,v,v,v,v,v( 63245214315746  

 



 

 
Gmn

}v,,v,v{ n21  

m2)v( i
n

1i



 


 

 
)v,v( ji

)v,v( jiiv
)v,v( ijjv2m 

 


(odd degree) 
 


(even degree)m21 x,,x,x 

n21 y,,y,y  

).y()y()y(T

)x()x()x(S

n21

m21







 

S+TS
"S"TTn

n 
Gv, w

(insert)evw
G



 

Ge
(repeated edges)vw

G
v, w

vw
(converse) 
 

vw
wv 

v, w 
 

GP
vwPG

Gevw
Pe

(removing)e
v, w

v, w
 

 
 

GvvG
(simple cycle)vv 
 

 
)v,e,,v,e,v,e,,e,v,e,,v,e,v(C nn1j1jjj1iii110   



 

vvn0 vvv  

 
Cji vv i < j < n

(replace) C 
)v,e,,v,e,v,e,,v,e,v(C nn1j1jii110   

Cvv
(eventually)vn 

 
 

Trees 
 

(subclasses)
(graphs)




(organizing and relating data)(a database)
(theoretical problems)

(optimal time)(sorting) 


(hierarchical)




 


 

 
       
       

      
       

 


 


 


 

 
 


 

 

       
       

 
 

 
 

 
 

    

       
 

 
[(free) tree] T (simple graph)

v, wT
(unique simple path)vw 

(rooted tree)
(root) 

 
(semifinals)

(finals)(tennis tournament)
(single-elimination tournament)


 

 



 

      
      



     
     

     
      
    
     

(graph)
(rotate)

(natural tree)
 


   

 
 


(rooted tree)

v, w
vw2v7v

)v,v,v,v( 7312 
 



 

(at the 

bottom)
(at the top)

1v 

 
 

1v
(same level))v,v( 32
1)v,v( 32
7654 v,v,v,v

2


(uniquely 

determined level) 
 

 
(level of the root)(level) 0

1
(level of a vertex) v

v 
(height of a rooted tree)

(maximum level number) 



 

 


7654321 v,v,v,v,v,v,v––
0, 1, 1, 2, 2, 2, 22 

 
Te
T(routed tree) 

 
 
 
 

 
a, b, c, d, e, f, g, h, i, j––

2, 1, 2, 1, 0, 1, 1, 2, 2, 3T3 
 

(specifying)
(hierarchical relationships)–
–

a
ba, b(adjacent)ab

[a is “just above” b](logical relationship)
a, bab(a dominates b)b
 a“b is subordinate to a”

(administrative 

organizational chart of a university) 
 



 

   
رئيس 
 الجامعة

        

             

              

       نائب الرئيس    نائب الرئيس 

       للشئون الأكاديمية    للشئون الإدارية 

              

                

مدير 
 المبيعات

  
مدير 
 التخطيط

 
عميد كلية 
 الهندسة

 
عميد كلية 
 العلوم

 
  

  
 

              

                

   رئيس قسم  رئيس قسم  رئيس قسم    

   الرياضيات  الحاسوب  الكهرباء    

 
 

(Computer File System) 
(modern computer 

operating systems)(folders & files)


(Windows 

Explorer)Desktop 

 



 

 
(Hierarchical Definition Trees) 

(logical relationships)
(a database)
(manipulate)

(model)(setting up)
(maintaining) 

     
  Book   
      
        

     
Publisher  Location  Author 

     
     
  Availability  

 
(Huffman Codes)   

(characters)(internally)
(fixed-

length bit strings)ASCII
(American Standard Code for Information Interchange)


ASCII 

 
 



 

   ASCII 
Characte

r ASCII Code
A 100 0001 
B 100 0010 
C 100 0011 
1 011 0001 
2 011 0010 
! 010 0001 
* 010 1010 


(variable length bit strings)

(short bit strings)(most 

frequently used characters)
(strings 

of characters)–(text)(program)–(less 

space)ASCII
(VCR Plus + device)

(programming)(video cassette recorder)
(generating numbers)

(user)
(television listings) 


(decoding)


(bit)01
 
 



 

(decode)
 

(*)     01010111 

 


 

0
R
1

AT
RAT 


(bit string)––
(uniquely decodable)

(variable-length bit strings)
A1

1S, T4S0110
T0111 

 
Algorithm of Constructing an Optimal Huffman Code 



 

(frequency of occurrence)
(bit strings)

(represents 

strings of characters in minimal space)
(character frequencies of the strings to be 

represented)(identical)(character frequencies)
 

(rooted tree)
(vertices)(lowest levels)

(labeled)(frequencies)(edges)
(bits)

(coding tree)
(frequency)(character)
 

 
 (frequencies) 
 (repeatedly)(replace)

(smallest two frequencies)
(sequence)

ji f,f 

 ji f,f 

 
jfif 



 

 (backwards)
ji f,f


 

 (optimal Huffman 

coding tree)(frequency) 

 
(construct)
 

 
Frequency

 
Character 

2 ! 
3 @ 
7 # 
8 $ 
12 % 

 
 


 

  

 12,8,7,3212,8,7,3,2  

         

20,12

12,12812,12,8

12,8,7512,8,7,5




 

  

 



 

  

 
 

20 
 

 

 
  

 
 

(Huffman tree)
(unique)–

–5,712
12


12 



 

 
 

(optimal code)
(encoding)(text)(frequencies)

exactly the same 

(optimal) space 
 

 
 (sequence)n2n  
  
 

procedure huffman (f, n) 
 if n = 2 then 
      begin 
      let 1f  and 2f  denote the frequencies 

      let T be as in Figure A 
      return (T) 
      end 
 let if  and jf  denote the smallest frequencies 

 replace if  and jf  in the list f by ji ff   

 T  := huffman (f, n -1) 
 replace a vertex in T’ labedled ji ff   by the tree shown in 

  Figure B to obtain the tree T 
 return (T) 
end huffman 



 

 


 

jfif 
A 

n = 2 

B 

n > 2 

 
 
 T0vx, y, zT

n10 v,,v,v T 
 1nv nv(parent of) 
 1n10 v,,v,v nv(ancestors of) 
 nv1nv (child of) 
 x(ancestor of) yyx

(descendant of) 
 x, yzx, y(siblings) 
 x(children)x(terminal 

vertex / a leaf) 
 x(internal 

(/branch)  vertex) 
 (subtree of) T(rooted at) x

(graph)(vertex set) V
(edge set) EVx

(descendants of x)Ee
xV 

 



 

E = {e | e is an edge on a simple path from x to some vertex in V} 
 

 
(rooted tree) 

 
 
 
 

 
 

 

 
 
 

 
 

 

 
 (parent) 

 (ancestors) 

 (children) 

 (descendants)
 

 (siblings) 
 (terminal vertices)

 

 (internal vertices) 

 (subtree rooted at)
 



 

 
 
 

 
 

 
 

 
(characterizations)

 
 

T(graph)n (vertices)
 
 T 

 T(connected)(acyclic)
(cycle) 

 T(edges)n-1 
 Tn-1 
 

 
Spanning Trees 

 
T

GTG


 
 



 

T(a spanning tree)G
TGG 
 

G 


G 

G 


 


G

 


 



 

 
GG 

 
 

 
 GTa, bGa, b

TTPabP
abGG 

 GG(acyclic)
G 

G(cycle)(remove)(an edge)




TT

TGTG 
 



(cycles)(time-consuming) 


 

 
TG

–(breadth – first search 

algorithm)  



 

 
(processing)

(next-higher level) 
 (ordering)G

abcdefgh 
 a(root)  
 T(single vertex) a

(edges) 
 T(a, x)

x x = b x = h
T(cycle)
 

T 

(a, b), (a, c), (a,g) 


(parallel edges)a, g 

 (level) 1
(examining)(each in order) 

b(b, d) 

c(c, e) 

e 

 2 
d(d, f) 

e 

 3 
f(f, h) 



 

h4


 

 
 

 
 

Breadth-First Search for a Spanning Tree Algorithm 

 G 
n21 v,,v,v  

 T 
 

procedure bfs(V , E) 
   // V = vertices ordered n1 v,,v  ; E = edges 

   //  V  = vertices of spanning tree T; E= edges of spanning tree T 
   //  1v   is the root of the spanning tree 

   //  S is an ordered list 
   S := ( 1v ) 

   V  :=  { 1v } 

   E  :=   
   while true do 
 begin 
  for each Sx , in order, do 
   for each VVy   , in order, do 

    if (x, y) is an edge then 
     add edge (x, y) to E  and y to V  
 if no edges were added then 
  return (T) 



 

 S := children of S ordered consistently with the original 
  vertex ordering 
 end 
end bfs 

 
–

 
 (testing)Gn

T
GTn 

 (minimum-length paths)
(unweighted graph)v 

(a fixed vertex)
v

(length of a shortest path)v
ii 

 
–

(successive levels)
(at the earliest possible opportunity) 

 
– 

Depth-First Search for a Spanning Tree Algorithm 

 G 
n21 v,,v,v  

T 
 

procedure dfs(V, E) 
  //  V  = vertices of spanning tree T; E  = edges of spanning tree T 



 

  //  1v  is the root of the spanning tree 

  V  :=  { 1v } 

  E  :=   

  w := 1v  

  while true do 
 begin 
 while there is an edge (w, v) that when added to T does no 
  create a cycle in T do 
  begin 
  choose the edge (w, kv ) with minimum k that when 

added  
to T does not create a cycle in T 

  add (w, kv ) to E  
  add kv  to V  
  w := kv  

  end 
 if w = 1v  then 

  return (T) 
 w := parent of w in T // backtrack 
 end 
end dfs 

 
TG

–(depth- first search algorithm)
abcdefgh 

 
 
 a(root) 
 (a, x)–(minimal) x–T

x 

(a, b) 
 (b,d), (d,c), (c,e), (e,f), (f,h) 



 

 (h, x)
(backtrack)fh(f, x)

(f, x)ef 
 (e, g)T 
 

(finally backtrack to the root) 

 
–

(backtracking algorithm) 
w := parent of w in T     //  backtrack 

(retreat)(along an 

edge)(initially chosen root) 
 

 
Minimal Spanning Trees 

 
 

G(weighted graph)
(minimal spanning tree) (mst)G
G(minimum weight) 
 

G(cities)
(costs)(building roads)(certain pairs)


(lowest-cost road system)(connect) 



 

 
61 

 
 

(subgraph) 
 
 (spanning tree)

(road 

system) 
 (connected)

 

 (unique simple path)


(multiple simple paths)
 


TG(weight)T

20T
12T

G 



 

 
 

(Prim’s Algorithm) 
(Prim’s 

algorithm)mst
(builds)(adding edges)(iteratively)

 
 (single vertex) 
 –(iteration)–mst(current 

tree) (a minimum 

weight edge)(does not complete a cycle)
mst


mst 

 mst 
 

(Kruskal’s 

algorithm)
 

 
Prim’s Algorithm for finding a minimal spanning tree (mst) 

  
1, 2, ..., n 

(start vertex) s 



 

(i, j)(edge)w(i, j)(weight)
(i, j) 

(i, j)w(i, j)
(actual weight) 

 E(mst) 
 

procedure prim (w, n, s) 
  //  v(i) = 1 if vertex i has been added to mst 
  //  v(i) = 0 if vertex i has not been added to mst 

1.   for i := 1 to n do 
2.   v(i)  := 0 

  // add start vertex to mst 
     v(s) := 1 

  // begin with an empty edge set 
4.     E :=   

  // put n-1 edges in the minimal spanning tree 
5.     for i := 1 to n-1 do 
6.     begin 

  // add edge of minimum weight with one vertex in mst and 
one 
  // vertex not in mst 

7.     min :=    
8.     for j := 1 to n do 
9.        if v(j) = 1 then  // j is a vertex in mst 
10.          for k = 1 to n do 
11.             if v(k) = 0 and w(j, k) < min then 
12.                begin 
13.                 add_vertex := k 
14.                 e := (j, k) 
15.                 min := w(j, k) 
16.                 end 

      // put vertex and edge in mst 
17.       v(add_vertex) := 1 
18.       }e{E:E   

19.       end 
20.    return (E) 
21. end prim 



 

 
G

s = 1 
 

 s = 1mst
3 

 for816
(edge)E

mst
mst

 

 
weight 

 
edge

4 
2 
3 

(1, 2) 
(1, 3) 
(1, 5) 

 

(1, 3) 

 173mst
18(1, 3)E 

 for–
816mst

 

 
weight 

 
edge 

4 
3 
1 
6 
3 

(1, 2) 
(1, 5) 
(3, 4) 
(3, 5) 
(3, 6) 



 

(3, 4) 

 17, 184mst
(3, 4)E 

 for816
mst

 

 
weight 

 
edge 

4 
3 
5 
6 
3 
6 

(1, 2) 
(1, 5) 
(2, 4) 
(3, 5) 
(3, 6) 
(4, 6) 

3
(constructing)mst

(selecting)(1, 5) 
 17, 185mst

(1, 5)E 
 for816

mst
 

 
weight 

 
edge 

4 
5 
3 
6 
2 

(1, 2) 
(2, 4) 
(3, 6) 
(4, 6) 
(5, 6) 

(5, 6) 



 

 17, 186mst
(5, 6)E 

 for 816
mst

 

 
weight 

 
edge 

4 
5 

(1, 2) 
(2, 4) 

(1, 2) 
 17, 182mst

(1, 2)E 
 mst

(constructed) 

 
 

mst
(at each iteration)

(not necessarily)
(optimum)

(optimal solution)
(original problem)
 
 



 

(weighted graph)
(shortest path) az 

 
 

(shortest-path algorithm) 
(available edge)

(having minimum weight)(incident on)(most 

recently added vertex) 
 

 (a, c)(edge)1 

 (edge) (c, z)6 

az
(a, b)(b, z) 

mst


 
 

 
procedure prim (w, n, s) 

(correct)(termination of)
T(minimal spanning tree) 
 



 

 
Binary Trees 

 


(rooted trees) 
 

(binary tree)
(2 children)(one child)

(no children)(right 

child)(left child)
 

 
 

 
bac

adbb
ecc 

 



1

0 
 



 

 
(full binary tree)

 
 

T(internal vertices)
i(terminal vertices)i+1

2i+1 
 

T(children)
(of some parent)

(nonchild)(root)i
2i 

T2i+1
 

(2i+1) – i = i+1 

 
(contestants)

(single-elimination tournament)
 



(a power of) 2

7
(first-round) 

 



 

 
 
 

 
 
 
 


 

1 
2 
 

3  
4 
 

5 
6 
7 
 
 
 
 

m-1
 

m 
 


n

n-1 
 

ni
 

n+i = 2i+1 

 
i = n - 1 


 

 
 



 

 
ht

 
htlog2  

 
 

h2t      (*) 

h 
h = 0

(single vertex)1t 
)121( 0  


hTh0h 
tT 

i (eliminate)
(edge)(incident on the root)

h-1T
  1h2t  

 h1h 22  
 h2t  

 
(ii T21 v,viT

iviTih
it21,i  

 



 

)1(2,1i,2t ih
i  

T1T2T
 

)2(ttt 21  
(1) , (2) 

h

1h1h

hh
21

2

22

22ttt 21






 

 
 

h = 3
(number of terminals) t = 8
 

log t  =  log 8  =  3  =  h 
 

 

 
 

Binary Search Trees 
 

S(can be ordered)
S
S(strings of alphabetic characters)



 

(lexicographic order)


(ordered set)(set of numbers)
(strings)(data item) d(v)v
d(w)wvw
(some ordering relationship)

d(v), d(w) 
 

(binary search tree)T
(data)(associated with the vertices)

(arranged)vT(data item)
v(less than)v

v(greater than)
v 

 
 

 
  

 



 

 
  
 

 
 

T
 

ABUBAKR OMAR OTHMAN ALI TALHA 
ALZUBAIR SAEEDIBNZAID ABUOBAYDA   
SAADIBNMALIK ABDURRAHMANIBNAWF 

 
 

ABUBAKR
 

OMARABDURRAHMANIBNAWF

 
OTHMANALI

 
ABUOBAYDA ALZUBAIR TALHA

 
SAEEDIBNZAID

 
SAADIBNMALIK

T 
 

v
v(precedes alphabetically)



 

vv
v 





 
ALZUBAIR

 
 

ABUBAKR  SAADIBNMALIK
 
 
ABDURRAHMANIBNAWF  ABUOBAYDA  OMAR  TALHA 

 
 

ALI  OTHMAN  SAEEDIBNZAID 

 

T 
 

 
(constructing)T

 
 (empty tree)(vertex)

(edge) 
 

ABUBAKROMAROTHMAN
(creating a vertex)ABUBKAR

(root) 
 (word)

vv



 







(no child)(edge)
(incident on)

v
vv

v
v

(edge)v


 

 


 

 
(created) 

 
 

 
 

Constructing a Binary Search Tree (BST) Algorithm 
 



 

(reads)(input)
(submitted order)(inserting 

it) 
 n21 w,,w,w (a sequence)

(distinct words)(length of the sequence) n 
T 

 
procedure make_bin_search_tree(w, n) 
     let T be the tree with one vertex, root 
     store 1w  in root 

     for i := 2 to n do 
          begin 
          v := root 
          search := true     // find spot for iw  

          while search do 
               begin 
               s := word in v 
               if iw  < s then 

                    if v has no left child then 
                         begin 
                         add a left child   to v 
                         store iw  in   

                         search := false    // end search 
                         end 
                    else 
                         v := left child of v 
                    else     // iw  > s 

                         if v has no right child then 
                              begin 
                              add a right child r to v 
                              store iw  in r 

                              search := false    // end search 
                              end 
                         else 
                              v := right child of v 
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                end     // while 
           end     // for 
     return (T) 
end make_bin_search_tree 

 
         


 

20, 40, 30, 5, 10, 35, 3, 15, 50, 12, 7, 1 

 


 
 

        20  20    20  20 

       5  40  40    40  
        30  30       
                     
        20         20   
    5      40   5      40 

  3    10    30  50 ...  10   30  
1    7   15   35          
      12               

  Searching a BST 


(locating data)D(data item)
DBST
 

D
(repeatedly)D

(current vertex)D



 

(found) DD
vv

Dv
v

(missing)D
 
 


35, 1, 8, 40, 60  

 
  
 

        20        
   5      40    
 3  10   30  50  
1   7  15   35    

    12         
 

35
35





 


 



 

  20         20   20    
5      5      40  

 10    3      30    
7   1         35  

35 18 
 
 

 20      20
 

  

 40
 

     40  

  50       

4060 
 

 



 




(follow a longest path)
(maximum time)

(approximately proportional to)
(small)

(minimizing)
 

(worst-case searching)
TnT*



 

(full binary tree)T
(existing vertices)

T 
 

T*
T

T*
(added vertices) 

 
 
 
 

 
 
 
 
 
 
 

 T* 

 
 

 
(unsuccessful search)T


T* 



 

(worst-case 

time needed to execute the search procedure)T*
h 

ht log  
t(terminal vertices)T*

(internal vertices)T*n
 

t = n + 1 

(in the worst case)–(at 

least)– 
log t = log (n+1) 

T(minimized)
 )1n(log 

  21)1000,000,2(log 



(steps)–(at most)–21(steps) 
 

 
Tree Traversals 

 



–
–





 

(recursively)
 

 (inorder traversal) 
 (preorder traversal) 
 (postorder traversal) 

 
Inorder traversal                                          

      
 

  
  
  

Preorder traversal                          
 

 
  
  
  
 

Postorder traversal                             

  
 

  
  
  



 




 

(recursive) 
 

 
 
 





 

 
 
 

 
      a      
           
    b  c    
           
  d   e       f  g  

         

h        

 

 



 

 : h d b e a f c g

 : a b d h e c f g

 : h d e b f g c a

 

(preorder) 
a 
 
 

    b      
    d             e    

  h     

 
 
 

  c        

 f              g     

 
 

b  
 

  d    

h        
 



 

e 
 

d  
h 
 

 

a     b     d     h     e 

 
c 
f 
g 

 

a     b     d     h     e     c     f     g 


 

(procedures) 
 

 
Preorder Traversal Algorithm 

 
(processes)

 
 PT 

 (process)3
 



 

  
procedure preorder(PT) 

1.   if PT is empty then 
2.      return 
3.   process PT 
4.     := left child of PT 
5.   preorder( ) 
6.   r := right child of PT 
7.   preorder(r) 
 end preorder 


 

 
2 

 
PTpreorder (PT)PT

3
 

 5preorderPT
(empty) left child of the root

preorder
 

 7preorder 
 

 
(return) 

  

 



 

 
 

PTpreorder (PT)PT
3 

 5preorderPT
 

 
 preorder 

preorder
B 

 7C 
 ABC 
 


 

 
 

73(root/left/right)
(order 

of processing) ABCDEFGHIJ 



 

 
    

 
 

(inorder 

traversal)(postorder traversal)
(preorder traversal)

3
“pre” / “in” / “post”

preorder inorder 
postorder

 
 



 

 
Inorder Traversal Algorithm 

 
(recursive)

 
PT 
(process)5

 
 

 
 procedure inorder (PT) 
1.   if PT is empty then 
2.     return 
3.     := left child of PT 
4.   inorder( ) 
5.   process PT  
6.   r := right child of PT 
7.   inorder(r) 
 end inorder 

 


 
 

73(left/root/right)
(inorder listing) 

CBDEAFIHJG 

 
 

Postorder Traversal Algorithm 



 


 
PT 
(process)7

 
 

 procedure postorder (PT) 
1.   if PT is empty then 
2.     return 
3.     := left child of PT 
4.   postorder( ) 
5.   r := right child of PT 
6.   postorder(r) 
7.   process PT 
 end postorder 

 
 


 

 
73(left/right/root)

(postorder listing) 
CEDBIJHGFA 

 
(route)


 

 
(data)

(in order)



 

(sequence)(left/root/right)
(ordering)

 
 

 

 
 
 

        
    

        Preorder traversal             Reverse postorder traversal 

 
 

 
 
d 
 

b                 f 
 

 a           c    e 

  abcdef 
 
 



 

 
Binary Expression Tree 

 
(representing)

(arithmetic expressions)(facilitate)
(evaluating) 

(operators)
+ , - , * , / 

 
 

 


 
 (infix notation) 

(operator)(operands)
a + b 

 (postfix notation) 
(Reverse Polish 

Notation) RPN 
a b +  

 (prefix notation) 
(Polish Notation)  

+ab 

 


 
 



 

 
 

 
  

Postfix / RPNInfix 
a b c * + a + b * c 
a b + c * (a + b) * c 
a b c + * a * (b + c) 
a b c + * d * a * (b + c) * d 
a b + c d e + - * (a + b) * (c – (d + e)) 

(infix form)
(standard) 
 

 
(A+B)*C – D/E 

 
T

(terminal vertices)(operands)
(internal vertices)(operators) 

T 
 


 

 (division operator)
D, EDE 



 

 (multiplication 

operator)
C 

(distinguish)
(correspond to)
(distinction)

4-66-4 
T

(operation) 
(((A+B)*C) – (D/E)) 

(fully 

parenthesized form of the expression)


(unambiguously) 
T

(postorder) 
AB + C*DE/- 

(postfix form of the expression)
RPNAB+

A, B



––(compilers)
(translating)

(calculators) 
T

(preorder) 



 

- * + A B C / D E 

(prefix form of the 

expression)–
–

 



 

 
 

 
 (tournament)S

PKT
SKPT

PS


(describe)(kind of graph)
 

  

  

 itjtit
jt 

 itjtit
it 

 

 (path)aa(edge)
 

 



 





 

 


 

 a
a

(inspecting) 

 



 



 





 

 G = (V, E)V, E
(parallel edges)

(isolated vertices)G
1e 

 



 



 


 
  53 K,K 

 nK 
 (bipartite graph)


(disjoint vertex sets) 

 



 

 (bipartite 

graphs)
(disjoint vertex sets) 











 
 
 
 
 

 

  

 3,2K   3,3K 
 



 

 n,mK 
 
 G = (V, E)

––
21 V,VV(nonempty)


 

 
 

(a path of minimum length)vw
 

 v = b,     w = e 

 v = c,     w = d 

 v = a,     w = b 

 
 (vertices)(offices)

(edge)(connects two offices)
(communication link)

(communicate with)
(directly)

(relaying the message) 

 



 

 
(communication links)

 

 
 

 
 

 

 (cities)
(costs)

(least-expensive road 

system)(connects) 

 
 (precedence graph)

(vertices)(certain actions)
(executable statement)

(computer program)(edge)v
wv

w
(precedence graph)(computer program 

segment) 



 

 x := 1
y := 2
z := x+y
z := z+1

 
 x := 1

y := 2
z := y+2
w := x+5
x := z+w

 
 x := 1

y := 2
z := 3
a := x+y
b := y+z
c := x+z
c := c+1
x := a+b+c

 
 

 
 

i ii iii  

 
 

(b, b) (e, d, c, b) 

(a, d, c, d, e) (d, c, b, e, d) 



 

(b, c, d, a, b, e, d, c, b)(b, c, d, e, b, b) 

(a, d, c, b, e) (d) 

(d, c, b)  
 

 (properties)
 

 63 
 53 
 41 
 64 

 441, 2, 3, 4 
 41, 2, 3, 4 
 61, 2, 3, 4, 5, 5 
 52, 3, 3, 4, 4 
 52, 2, 4, 4, 4 
 
 (simple cycles)

 

 
(simple paths)ae

 
 (connected 

subgraphs)




 


 

 
  

 




 
 
 

 

 




 


 



 

 

 
 
 

 

  
 
 
 


 
 

 
 
 (arbitrary 

finite depth)
 



 

 
  nK 

 n,mK
 

 m, n
 

m 



 
n

 
(of odd degree) 

 





 




 

 d
e 

 

 G(connected)4
4321 v,v,v,v

(repeated edges)1v2v3v
4vG

 

 

 
(generalization)

 
 
 (T/F)

 

 Gv, w(distinct)
vwvw 

 (includes)
 

 



 

 Ge
G(removed)e 

 
 


 

 

 G(connected subgraph)
GG(a component) 

 
 (partitioning)G

(connected subgraphs)G
G(subgraphs)

(components) 
 
 G(directed graph)G

(undirected graph)
G(ignoring)(direction of edges)
GGvG
(parity of) v(v, 

w)v, w
G

(changing the orientation)G
v, wG 

 



 

 
 

 
 
 v(connected) G

(articulation point)(removal)v
(edges)v(disconnecting)
G 

 6
 

 6 

 vG
w, xG

(property)wxv 
 GvG

(indegree of) v–in(v)–
(w, v)

(outdegree of) v–out(v)–
(v, w)(directed Euler 

cycle)G 

)v,v(,),v,v(),v,v( n1n2110  
n0 vv G

 



 

G
(undirected graph)

G(connected) 
in(v) = out(v) 

vG 
 

 (A de Bruijn sequence)n
(in 0’s and 1’s) 

n221 a,,a,a  
n2(bits) 

s(a bit string)n
m 

  1nm1mm aaas   
 

12,,2,1i;aa n
ii2n 


 

 00011101n = 3 
 G(correspond to)

(all bit strings of 

length) n-11n1 xx 
n2 xx G

 

 n 

n = 1, 2, ... 
 

 1k 
nK 



 

 nK
2n 1, k(inclusive) 

 

2n
]1)1n)[(1n(n k


 

 
 v, w(distinct)nK

mpm
vwnKnm1  
 (recurrence relation)

mp 
 (explicit formula)mp 

 

 v, wnK2n 
vw 

!k
1

2n

0k
!)2n( 



 

 

 nK
 1e!n e = 2.71828... 

 

 GRV
G 

vRwvw 
RV 

 



 

 
 

 
 G(distance)v, w

G–dist (v, w)–
vw(diameter)G 

d(G) = max {dist(v, w) | v and w are vertices in G} 

G 
  
 nnK 
 
 

(v, w)
(v, v)(sequence) 

)v,,v,v( n10  

)v,v( i1ii = 1, 2, ..., n)vv( n0 
 dag(directed acyclic graph)

 
dag

(no out edges)
v(v, w) 

 
  

 )v,v,v,v,v,v,v( 2162432
 



 

 


 

 

 
 

 
 

 
 

  

 










 

 
 

 m, n
mn 

nn 
 

  

 



 

 
 
 
 

 (level) 

  

 

 T
a 

b 
 

 (decode)(bit string)
 

 
01110100110 (ii 011000010 (i 
1110011101001111 (iv 01111001001110 (iii

(encode)
 

(i) DEN (ii)NEED 

(iii)LEADEN(iv)PENNED

 



 

  


letter

 
frequency

5 
6
6
11 
20 

  

 
(height) 

 

  


I 7.5 
U 20.0
B2.5
S27.5 
C5.0 
H 10.0 
M 2.5 
P 25.0 

  

 
(codewords)

(consistent with) 

BUS, CUPS, MUSH, PUSS, SIP, PUSH, 
CUSS, HIP, PUP, PUPS, HIPS 

 

  


a 2 
b 3



 

c5
d8 
e13 
f 21 

 

 (text)(made up)A, B, 

C, D, E 


A 6 
B 2
C3
D2 
E8 


(variable-length codes) 


A 1 
B 00
C01
D10 
E0 

(less space)
 

 
 21

(degree) 
(bipartite) 


(incident on) 

 

 (eccentricity)vT
(max. length)(simple path)v 



 

  
 vT(center)T

v(minimal)
[center(s)] 

 (radius) rT
(concepts)d
(diameter)(true)

––2r = d 

 

 T(property)v, w
T(unique path)vw 

 

 (free tree)(rooted 

tree)c 

 
(level) 

(height) 
 

  


A 5 
B 8
C5
D12 
E20 
F 10 

 



 

 
 

 
ix


ip


ic 

 0.34  
 0.30  
0.08  
 0.12  

 0.10  
 0.06  

i 
 

j,ipp jiji   
iic 
 

ii 
 

 
(auxiliary storage devices)

(communication lines)



(data files)
e






 


––

 

 

(ASCII)(American 

Standard Code for Information Interchange)
L = 8 bits 


39L = 4.4336 
 
(Compressing)

(Arabic text file) 
 


 
 

  

 
 

 
 

 
 

 
 

 



 

 
 الرتبة

RANK 
 الحرف

LETTER 
الاحتمال

PROBABILITY 
شفرة ھوفمان

HUFFMAN 
CODE

الطول
LENGTH 

 الشفرة القياسية
ASCII 
CODE 

1  0.13128 100 3 01101000 
2  0.10776 010 3 01100111 
3  0.08728 000 3 01101100 
4  0.07249 1100 4 01101011 
5  0.06847 1010 4 01100100 

   
6  0.06282 0111 4 00101100
7  0.04217 11111 5 01101001
8  0.04116 11110 5 01110110
9  0.03998 11100 5 01100110

10  0.03794 11011 5 01101011
  

11  0.03646 11010 5 01011101 
12  0.02620 01100 5 01101010 
13  0.02549 00111 5 00111011 
14  0.02456 00110 5 01110011 
15  0.02382 00101 5 01110100 
   
16  0.01823 101111 6 01110000
17  0.01794 101110 6 01110010
18  0.01113 001001 6 01001000
19  0.01095 001000 6 01100000
20  0.01095 110111 7 01111010
  

21  0.01051 1110110 7 01011011 
22  0.01019 1110101 7 01101110 
23  0.00827 1011010 7 00101110 
24  0.00816 1011001 7 01110111 
25  0.00771 1011000 7 01101101 
   
26  0.00768 0110111 7 01100001
27  0.00767 0110110 7 01101111
28  0.00468 11101000 8 01110001
29  0.00465 10110111 8 00100111
30  0.00376 10110110 8 01100101
  

31  0.00364 01101011 8 01111000 
32  0.00347 01101010 8 01111001 
33  0.00283 01101001 8 01111010 
34  0.00275 01101000 8 01001110 
35  0.00265 111010011 9 01100011 
36  0.00212 111010010 9 00101111 

(ASCII) 
 



 

i(parent) 

 (ancestors) 
 (children) 

 (descendants) 

(siblings) 
ii(rooted at) 

 
  

 
ich 

 cj 
 de 
 ce 

fh 
  
  

ii  j 
   e 

 

  



 

 
 

 

 68 

 46 

 2 
 61, 1, 1, 1, 3, 3 

 46 
 
 (cycle)0

(single vertex)
(not acyclic) 

(cycle)(repeat 

edges)(single edge)
(not acyclic) 

 
 

(unique simple path)
 

 

 
 (forest) 



 

 (union) 
 Fmn

F 
 
   ),v,,v(P n01  

)w,,w(P m02  
(distinct simple paths)ab

G 
(necessarily) 
)w,w,,w,wv,,v( 011mmn0   
 

 Gnn-1
(connected) 

 
f 

a    b 
  e 

 
  

 T6T5
 

 T6T
5 

 8
7 

 



 

 
 –

with the vertex ordering
 
 hgfedcba  hfdbgeca 
chbgadfe   

 
 

– 
 hgfedcba  hfdbgeca 
dhcbefag   

  
 

 



 



 



 
 
 –

identical
GG (from two 

distinct vertex orderings of G) 
 – 
 

 
 G edgeG  

 T,T Gx 

edge TTy T 
T}y{})x{T( }x{})y{T( 

G 
 
 –

(minimum length)v(fixed vertex)
(unweighted 

graph)  
 



 

 T GT 
(edge) G (T(a 

unique cycle is produced) 
 
 –

 
–

 
 
  

 
 –

(verrtex ordering )  
 (i eachgbdfi    (ii fdehagbci 

 
 

 (i eachgbdfi    (ii fdehagbci 

 
 

 
 



 

 

 
 


 

 
 

 
 

 
 



 

 GvG
e(of minimum weight)v

e 
 

 GvG
v(distinct)e

(edge)v
e 

 

 nK
(examine) 

 

 G
(distinct)G(unique) 

 (T/F)


G 

 G
G 

 eGe
G 

 TG
(labeling)G
T 

 

 G
(edge)G(of max. weight)



 

(removal)(does not disconnect) G


G 
 

 (maximal 

spanning tree)


 

 
 (Kruskal’s algorithm)

Gn 

 TG
(edge) 

 (iteration)Te
T 

 Tn-1 

  
 

 
 
 G 

 



 

 G 
 G

(initial vertex)1 
 6 
 

 
 –– 

SAY I BELIEVE IN ALLAH AND THEREAFTER BE UPRIGHT 
 

 (formal algorithm)
 

 

 (distinct words)n
T(of minimal height) 

 

 (T/F) 
TT

vT(data item)v
vv
v 

 

 
 

 (full binary tree)4(internal 

vertices)5(terminal vertices) 
 height = 39 

 height = 49 

 



 

 (full m-ary tree)
(parent)(ordered children)m 

Ti 
 T 
 T 

 
 

 (constructing)
nn > 1 

 

 (recursive algorithm)(inserting)
 

 

 (maximum height)
t 

 
 

 

 
 T(balanced)

vT
v1

(empty tree)-1 

 



 

 











 


 

 hN(minimum number of 

vertices)
h 



 

   4N,2N,1N 210  
   0h;NN1N 2h1hh   

 
 15

 

 

 –––
 

JIHAD IS THE ONLY WAY FOR LIBERATING 
OUR OCCUPIED LANDS 

 MARTYRDOM
 

 
 

(BST) 

 
  

 
 (lists of 

keys)
 

 25, 45, 15, 10, 60, 55, 12 



 

 25, 12, 55, 10, 15, 45, 60 
 25, 12, 10, 15, 55, 60, 45 
 10, 12, 15, 25, 45, 55, 60 

 

  

 
 comparisons

keys


target 
50 55 10 

65 52  48 

 
  inserted

(in order)
 

 left subtree
 

i bst 

ii  



 

iii sequence


lowest level 
iv iii 

 
10        
  20      
   25     
    30    
     40   
      50  
       90

 

 relationship 
 (left child) ( right child) 
 (parent)  
  
 (descendants)  

 
 

 
 

(i (ii (iii
 

 

 



 



 



 

 

 



 



 
 
 (infix form)

(i
 (prefix form) (ii

(postfix form) 
 (A+B) * (C – D)
((A-C)*D) / (A+(B+D))
(A*B+C*D)-(A/B-(D+E))
 (((A+B)*C+D)*E)-((A+B)*C-D)
(A*B-C/D+E)+(A-B-C-D*D)/(A+B+C)

 
 

(i(ii
(infix)(iii(fully parenthesized 

form) 
AB+C-ABC+-
ABCD+*/E-ABC**CDE+/-
AB+CD*EF/--A*  

 
 (postfix)

A = 1,     B = 2,     C = 3,     D = 4 



 

 ABC+-AB+C-
AB+CD*AA/--B*ABC**ABC++-
ABAB*+*D*ADBCD*-+*

 
 (distinct)A , B, 

CA B C
(same preorder listing ) 

 

 6
ABCEFDACFEBD 

 
 (reconstructs) 

 
 
 ( distinct) 21 B,B

1B
2B

1B
2B 

 
 21 P,P(2 permutations)ABCDEF

A, B, C, D, E, F
1P2P 

 
 (contents)

 



 

 
 (interchanging)

(all left and right children)  
 
 (initializes)


(number of its descendants) 

 
 A, B, ..., Z 

(operands)(operators)  
 (necessary and sufficient condition)

(string of symbols)
(valid postfix expression) 

 
 (fully 

parenthesized infix form of the  expression) 
 
 

(a character) (its frequency) 
(terminal vertex) 

(codes) 
 
  



 

 
  
  
  
 
 (prefix) 

–* E / BD – CA 

  
 

 
 
  

 
 

 
  

1, 2, 3, 4, 5, 6(root node)3
5(order)
 

 
 
 



 

 
 

 

 
 (leaves) 

 
 (frequency)x

 

 

 
 

 

 
(identical) 

 

 (similar) 


 

 
 
 
 



 

2 1 

   
 
 

 
 
 
 


 

 
 mirror image


 

 
    a           a          
  b     c  c     b        
d   e f       f e   d    

  g               g        


 
 
 (copy) 

 

 



 

 


 
 

3       8      4      9      6      5      7 
 

9       8      3      4      7      6      5 
 
 

 
20 45 5 40 25 15 60 55 10 30 50 35   

 
5  10 15 20 25 30 35 40 45 50 55 60   

 
 (text file)

(frequency)





 
 
 






(tree sort) 



 

 

 
 

       Tree        

                

                

      20          

                

   17      28       

                

 6    19      50     

                

   8      36     101  

 

 (i) (BST)
 

60 150      140 55 145 70 
 – 

50 
                              10                             100 
      5                 30       80     120   
                               20                           90 

(ii) (postorder traversal)
(i) 

 
 

 

 
 

  



 

   
o 

 
o 

 
 

 f
fruit 

 
root

 
 
 

 

 lemon 

 banana

 orange 

 apple 

 fig 

 melon 

quince 

 grape 

 pear 

  

 
 



 

   

 

 
 

(bst) 



 

 
 
 
 
 
 
 
 
 
 





 

 
 
  

 (T) 
  

 (F) 
 (F) 

 (T) 
 

  

 1052  

  

 17.n19340 for every positive integer n, 
 

 (some even integer > 4 is not the sum of 2 

primes) 
  
 

  

 True  True 

True  True 

False  False 
 

  

qp qp p)qp( qp 

  F  T T  T  T T 
  T  F T  T  F T 
  F  T F  T  T F 



 

  F  F F  T  F F 
 

p)qp( qp p)qp( qp 

  F TT F TT
  F FT F FT
  TTF F TF
  FFF F FF

 
)qp()qp(  qp 

  T  TT
  F  FT
  T  TF
  T  FF

 
)pr()qp( و) rq p 

  F T T T 
  F  FT T 
  T  T FT 
  T  FFT 
  T  T T F
  T  FT F
  T  T FF
  T  FFF

 
)qp()qp()qp()qp( qp 

  F T T 
  F F T 
  F T F 
  F F F 

 
)rq()qp( rq p 

  T  T T T 
  F FT T 
  T  T FT 
  T  FFT 



 

  T  T T F
  T  FT F
  T  T FF
  T  FFF

 
  

 qp (F) 
 qp (T) 
 )rq(p (T) 

 
  

  
 
 
 
 
  

 
  

  
 
 
 

 


 
 
  

 p qp   qp  



 

qp  qp  p)qp(  

  
p q p exor q 
T T F 
T F T 
F T T 
F F F 

 
  

  

 160 

 600 

 
 

  

 
 

p(if p then q) q
 

 
 


 

 160
 

160
 

 



 

 
  

 TrueFalseFalse
 FalseFalseTrue
 FalseTrue 

 
  

 True 

 TrueTrue  

 True 

True   
 
  

 qp  q)rp(  
r)qr(  )rp(q  

 
  

  

 
 
 

 


 
 


 



 

 

  p:  4 < 6 ,        q:     9 > 12                    

qp false 
pq if 9 > 12 ,  then 4 < 6 

true 
pq 64 then , 129 if

false 
 p:  4 > 6 ,        q:     9 > 12                    

qp true 
pq if 9 > 12 ,  then 4 > 6 

true 
pq 64 then , 129 if
true 

  p:  |1| < 3,         q:  -3 < 1 < 3             

pq true 
qp 3 1  3 -then 3,  |1| if 
true 

qp  
31or 13- then either3,  |1|if 

true 
  p:  |4| < 3,         q:  -3 < 4 < 3             

pq true 
qp 34  3 -then 3,  |4| if 
true 

qp  
34 or43 then,3|4|if  



 

 
  

 QP    QP    QP   

 QP  QP    QP   

 QP  QP    QP   

 QP         

 
  

p q p imp1 q p imp2 q 
T T T T 
T F F F 
F T F F 
F F T T 

 
pimp1qqimp1p   

 
  

 


p, q(F)
)qp( (T)

))p2impq()q2impp((  
 imp2

 

 
  

p q qp  qp 
T T F F 
T F T T 
F T T T 
F F T T 



 

 
  

p q qp  qp 
T T T T 
T F F F 
F T T T 
F F T T 

 
  

 
 

  

  

  

  

  

 
  

ii 1177(true) 
iii 177(true) 
iv 377(false) 
v nn77(false) 
 nn77(true)

(for some n, n divides 77) 
 
  

  

(everyone is taller than everyone)
(False) 



 

 

(someone is not taller than someone) 

 )y,x(Tyx  

  

(everyone is taller than someone) 

(False) 
  

(someone is taller than everyone) 

(False) 
  

(someone is taller than someone) 

(True) 
 
  )y,x(Lyx  

)y,x(Lyx  
 )y,x(Lyx  
 )y,x(Lyx  (True) 
 )y,x(Lyx  

 
  False )y,x(Pyx  

 True )y,x(Pyx  

 False )y,x(Pyx  

 True )y,x(Pyx  

 

  Falsex = ½ 

 xx2  For some x,  
  True   True 



 

 True0x 
xx then 1, xif 2 (conditional proposition)

(true)(hypothesis)(false) 
 False   True 

 Falsex = 2, y = 0 
  True    False 
  Truex = y = 0 
  False   False 
  Falsex = y = 2 
  False   False 
  True8y,1x  
  True    True 
  Truex = 0y0yx 22  
  True   False 
 Truex1- x y 

22 yx if x < y, then  
(hypothesis) 

  True   True 
 
 i )y,x(Pyx 

xP(x, y)
yx

P(x, y) y(for any 

particular y) 



 

ii P(x, y)x, y
x

P(x,y)y  

iii P(x, y)
x, yx, yP(x, y)

 

i P(x, y)x > y


)y,x(Pyx 
)y,x(Pyx  

ii P(x, y)yx 


)y,x(Pyx 
)y,x(Pyx  

iii )y,x(Pyx 
xy

y)P(x,
)y,x(Pyx  

i P(x, y)yx 


)y,x(Pyx 
)y,x(Pyx  

ii y) P(x,
(first name)x(last 

name)y

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)y,x(Pyx 
)y,x(Pyx  

iii )y,x(Pyx 
x

)y,x(Pyy
P(x, y))y,x(Pyx 
 

i P(x, y)yx 


)y,x(Pyx 
)y,x(Pyx  

ii P(x, y)x > y


)y,x(Pyx 
)y,x(Pyx  

iii P(x, y)x > y


)y,x(Pyx 
)y,x(Pyx  

 

 –P(x, y)x < y


)y,x(Pyx 
)y,x(Pyx  

P(x, y)x > y

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)y,x(Pyx 
)y,x(Pyx  

 
P(x, y)x < y


)y,x(Pyx 
)y,x(Pyx  

 
  

p q qp  pq 
T T T T 
T F F T 
F T T F 
F F T T 

pq , qp 


T 
 

 
)))x(P)x(Q(x()))x(Q)x(P(x(  

 
)))x(P)x(Q())x(Q)x(P((x  

 
(distributing)

""(for all)"  "(or)  
 
 



 

 
  

  
() x.0 + 0 = x.0 b + 0 = bb 
()             = x.(0+0) b + 0 = bb 

()             = x.0 + x.0 a(b+c) = ab+aca, b, c

()    x.0 = 0 cb]caba[  

  0c,0.xb,0.xa  
 
  

  
() 0y,0x,0y.x    
()             x.0 = 0  
()             xy = x.0 ba]cb,ca[  

  0c,0.xb,xya 
()             y = 0 cb]0a&acab[  

  0c,yb,xa  
   

 

 12
11

99119 

 

 







 




 

1 + 2 + 3 + ... + 9 = 45 

40 
 


 (valid) 

q

p

qp






  
(invalid) 

r

qr

qp








  
 

p

r

rp






  
  

rp

q

q)rp(






  
 

p

rq

)rq(p








 
 



 


If 4 megabytes is better than no memory at all, then we 
will buy a new computer. If 4 megabytes is better than 
no memory at all, then we will buy more memory. 
Therefore, if 4 megabytes is better than no memory at 
all, then we will buy a new computer and we will buy 
more memory.  Valid. 

  أ)

  
If 4 megabytes of memory is better than no memory at 
all, then either we will buy a new computer or we will 
buy more memory. If we will buy a new computer, then 
we will not buy more memory. Therefore, if 4 
megabytes of memory is better than no memory at all, 
then we will buy a new computer. Invalid. 

 

  
If 4 megabytes of memory is better than no memory at 
all, then we will buy a new computer. If we will buy a 
new computer, then we will buy more memory. 
Therefore, we will buy more memory. Invalid. 

 

   
If we will not buy a new computer, then 4 megabytes is 
not better than no memory at all. We will buy a new 
computer. Therefore, 4 megabytes is better than no 
memory at all. Invalid.  

 د)

   
If 4 megabytes of memory is better than no memory at 
all, then we will buy a new computer. If we will buy a 
new computer, then we will buy more memory. 4 
megabytes of memory is better than no memory at all. 
Therefore, we will buy more memory. Valid. 

 )ھـ

 

      

     
  
  

p = true, q = false,  r = true 



 

(true)
(false) 

 
 n21 p,,p,p (true)

p/p,p 21 p(true)
n3 p,,p,p c/p,,p,p n3 

c(true) 

c/p,,p,p n21  
 

 

  (addition) 
 (Modus ponens) 
 (Disjunctive syllogism) 
 (Universal instantiation) 

 
  p, q, r 

p  
q  
r  

(hypotheses) 

p

rq

qp




 

 
rp/rq,qp  
rp  



 

 
r/p,rp  

rr
 

 p, q, rs
s

 

r,rq,qp  
 

rp/rq,qp  
rp  

 
p/r,rp  

p 
 
sp/p  
 

 p, q, r, s 

:p  
:q  
:r  
:s  

 
s,p,r)qp(  
 

qp/p  



 

qp 
r/r)qp(,qp  

r 
r, s(conjunction) 

sr/s,r  
sr  

  

P(x)x 
Q(x)x 

 

)x(Q)x(Px

)x(Px


 

(universal 

instantiation) 

P)ھمام(Q)ھمام(

P)ھمام(,


 

Q 
 

  

P(x)x 
Q(x)x 
R(x)x 

 
P(), Q(), 
 )x(R)x(xQ   



 

      (universal instantiation)
RQ 

Q() R(),  

Q()  

 R()  
(conjunction) 

P()  
R()  
 P()   R()  
(existential 

generalization) 
)x(R)x(Px  


 

  

P(x)x 
Q(x)x 
R(x)x 

 
),x(Q)x(Px   

)x(R)x(Px   

(existential 

instantiation) 
)d(R)d(P   for some Dd  

(simplification) 
  )d(R)d(P  



 

 )d(R,)d(P 
(universal 

instantiation)) )d(Q)d(P  
 

)d(Q

)d(P

)d(Q)d(P





 

(conjunction) 

)d(R)d(Q

)d(R

)d(Q



 

(existential generalization)
  )x(R)x(Qx  

––


 
  

 

p q qp  q p
T T T F F 
T F F T F 
F T T F T 
F F T T T 

(hypotheses)
]q,qp[ (true)(conclusion)]q[

(true) 
  

p q qp



 

T T T 
T F F 
F T F 
F F F 

p(true)qp
(true) 

  

p q qp
T T T 
T F F 
F T F 
F F F 

qp(true)p 
 p, q

(true)qp  

  
p q r qp  rq  rp 
T T T T T T 
T T F T F T 
T F T F T T 
T F F F T F 
F T T T T T 
F T F T F T
F F T T T T
F F F T T T

rq,qp (true)
rp 

 
  

p q qp p
T T T F 
T F T F 
F T T T 
F F F T 



 

p, qp(true)q


 
 

 )x(Px(true)
P(x)x

P(d)dD
)x(Px 

)x(PDx(true)
P(x)xx

DdP(d)
P(d)(true)Dd 

P(d) is true for some Dd  

)x(PDx(true)
P(x)xP(d)

(true)Dd
)x(PDx(true) 
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n 
22 )1n(1n2n)1n2()1n2(1  
23/)3.2.1(2.1  

n 

3
)3n()2n()1n(

3
)2n()1n(n

)2n()1n(

)2n()1n()1n(n3.22.1

 

 
 

112)1(1  



 

n 

1)!2n()!1n()1n(1)!1n(

)!1n()1n()!n(n)!2(2)!1(1


  
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n 
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 
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n 
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 1]2/)2.1[(1 23  
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26

nk6 (inductive 

assumption)n-2
2n 

 28 , 24, n  

i
ni24 n

57n > 28
n > n-5 > 23

n-557
5n 

 
 (n = 4)4

2 



 

n–
–n+1

n
552
n+15

n
24n 

25
n+1 

 (n=6)
 

n


7
n+17

6n 
7

n+1 
 (n=24)5

7 
n

7
75

n+17
524n 

57



 

5n+1
 

 
  

20)11()21(S1  

 
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 {(1, a), (1, b), (1, c), (2, a), (2, b), (2, c)} 

{(a, 1), (a, 2), (b, 1), (b, 2), (c, 1), (c, 2)} 
{(1, 1), (1, 2), (2, 1), (2, 2)} 
{(a, a), (a, b), (a, c), (b, a), (b, b), (b, c), (c, a), (c, b), (c, c)} 

 
  )},a,2(),,a,2(),,a,1(),,a,1{(  

 )}a,a,2(),a,a,1{( 
 )}2,2,2(),2,1,2(),2,2,1(),2,1,1(),1,2,2(),1,1,2(),1,2,1(),1,1,1{( 
 )},a,2,a(),,a,1,a(),,a,2,a(),,a,1,a{(  

 
  {{1}} 

 {1, 2} 

{1}, {2} 

 {a, b, c} 
{a, b}, {c} 
{a, c}, {b} 
{b, c}, {a} 

{a}, {b}, {c} 



 

{{a, b, c, d}}, {{a, b, c}, {d}}, 

{{a, b, d}, {c}}, {{a, c, d}, {b}}, {{b, c, d}, {a}}, 
{{a, b}, {c}, {d}}, {{a, c}, {b}, {d}}, 
{{a, d}, {b}, {c}}, 
{{b, c}, {a}, {d}}, {{b, d}, {a}, {c}}, {{c, d}, {a}, {b}}, 
{{a, b}, {c, d}}, {{a, c}, {b, d}}, {{a, d}, {b, c}}, 
{{a}, {b}, {c}, {d}} 

 

  true   false   true   true 

         

     
 

   }b,a{},b{},a{, 

{a, b} 
c},{b,d},{a,c},{a,b},{a,{d}, {c}, {b},},a{ , 


d}c,b,{a,

d},c,{b,d},c,{a,d},b,{a,c},b,{a, d},{c,d},{b,
 

 1024210  
  10231210  
12n  

 
 X = Y 
 

  (false) }3,2{Y},2,1{X  

 (true)     
  }3{Z},2{Y},3,2,1{X  
  }3,2,1{U},3,2{Y},2,1{X  
  }4,3{Y},3,2{X},5,4,3,2,1{U  
  }2,1{Y},1{X  



 

  
  }2{Y},1{X},2,1{U  
  
  }2{Z},1{Y},2,1{X  
  }4,1{Z},3,1{Y},2,1{X  
  
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xXx
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 BA    AB 

UA    AB 

 

  {1, 4, 5} 

 
 

 AA,AAU,UAA,AA  

 A = BBA 
AxBx 

i CxCAx 
CBx Bx
BxCBx  

ii CxCAx 
CBx BUCx
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 
|CBA||CB||CA|

|BA||C||B||A||CBA|




 

 
 (center)C 
 
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 
 
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 


 

 

 baabcaaba  caababaab 

baabbaab  caabacaaba  

9 9  8  10 

baab   caaba 
baabcaababbab caabacaababbabbaab 

 

  00, 01, 10, 11 

 , 0, 1, 00, 01, 10, 11 

 000, 001, 010, 011, 100, 101, 110, 111 

 000, 010, 001, 011, 100, 110, 101, 111, 00, 01, 11, 10, 

0, 1,  
 

 – babc abc, bab, bc, ab, ba, c, a, b, , 

 baab, abaa, aaba, abb, baa, aba, aab, bb, ba, ab, aa, b, a, , 
   aabaabb abaabb, aabaab, baabb, abaab, aabaa, aabb,  

 

 –  
(i)LbaabL  
(i)LbaaabbLab  

(i)LbaaaabbbLaabb  

   



 

(i)Labba  

(i)Lbaab&  

ab,ba  
(ii)Lbaab 

ab,baab  
(ii)Lbaabab 

  L
a, ba

baabL 
  n

nL
a, b 

  n = 0 
   a, b 
  Lk < n 
   a, b

Ln
a, bL0n||  

L(i)(ii) 
  L(i) 
  baabL 
  n|| 

a, bbaab
a, b 

  L(ii) 



 

  LLn|| n|| 
,

a, b
a, b 

 

 14 18 192   k4a
kn  

 

 2k2n

1k
r)2kn( 


 

 
 – 120b,35b 105  

 1)1n( 2  
      

 
 – ccddccccdd 

 cccddccddc 

 5 

 20 

 
 

 –{(8840, plane), (9921, tank), (452, bomb), (2207, rocket)} 

 {(a, 3), (b, 1), (b, 4), (c, 1)} 
 (Aisha, Econ)}{(Khadeeja, Math), (Maryam, Physics), 
 {(a, a), (b, b)} 

 
 –  



 

a 6 
b 2 
a 1 
c 1 

  
Computer ScAhmed 
History Aly 
Math Othman
PolySci Aly 

  
1 2 3 4 2 3 4 2 3 4 2 3 4
1 1 1 1 2 2 2 3 3 3 4 4 4

 
  

  



  


  

 

  


 

 – {(a,  b), (a, c), (b, a), (b, d), (c, c), (c,d)} 

{(1, 1), (2,2), (3,3), (3,5), (4,3), (4,4), (5,5), (5,4)} 
  
 {(b, c), (c, b), (d, d) 

 –  {8840, 9921, 452, 2207} 

 {plane, tank, bomb, rocket} 
 {(plane, 8840), (tank, 9921), (bomb, 452), (rocket, 2207)} 



 

  {(1,1), (1,4), (2,2), (2,5), (3,3), (4,1), (4,4), (5,2), (5,5)} 

 {(1,1), (4,1), (2,2), (5,2), (3,3), (1,4), (4,4), (2,5), (5,5)} 

 {1, 2, 3, 4, 5} 
 {1, 2, 3, 4, 5} 

 {1, 2, 3, 4, 5} 

 {1, 2, 3, 4, 5} 

 

 (1,4), (1,3), (1,2), {(1,1),  R  R 1-  


}5,4,3,2,1{Rrange

RdomainRrangeRdomain

(5,1)} (4,2), (4,1), (3,3), (3,2), (3,1),

(2,4), (2,3), (2,2), (2,1), (1,5),

1

1






 

 

 (4,5)(3,4),(2,3),{(1,2),  R  

  
}5,4,3,2{Rofrange

}4,3,2,1{Rofdomain

(5,4)} (4,3), (3,2), (2,1),{R 1






 

}4,3,2,1{Rofrange

}5,4,3,2{Rofdomain

1

1








 
  

 

  

 

 –  

  

  

  



 

  

 

  

 

  

 
 2121 XX)x,x(  

 iR222111 xRx&xRx 
 )x,x(R)x,x( 2121 

 
)x,x()x,x(&)x,x(R)x,x( 21212121  
 

222111 xRx&xRx 11 xx 22 xx  
11 xx 1R

R)x,x( 11 )x,x(R)x,x( 2121 
R 

 
 
 )}2,4),2,3(),1,3(),2,2(),1,2(),2,1(),1,1{(RR 21  

                )}2,4(),1,4(),4,3(),2,1(),1,1{(RR 12  
 

 –{(1,1), (2,2), (3,3), (4,4), (1,2), (2,3), (2,1), (3,2)} 

{(1,1), (2,2), (3,3), (4,4), (1,2), (2,3)} 

{(1,1), (2,2), (3,3), (4,4), (1,2), (2,3)} 

{(1,1), (1,2), (2,1), (2,2)} 

{(1,2), (2,3), (1,3)} 
 



 

  R = {(1,2)}, S = {(2,3)} 

  

 R = {(2,3), (4,5)},  S = {(1,2), (3,4)} 

 

 

R = {(2,3), (3,2)},  S = {(1,2), (2,1)} 

 

R = {(1,2)},  S = {(2,1)} 
 

R = {(2,3), (1,1)},  S = {(1,2), (3,1)} 

 

 

 –R
 

R
 

RA = {1}, B = {1,2}
RA

B(all rational 

numbers) 
 

 XxXy
R)y,x(  

X= {1,2,3},   R = {(1,1), (2,2), (1,2), (2,1)},   x = 3 

XyR)y,3(  
 

 –  



 

  

 
 R = {(1,1), (2,2), (3,3), (4,4), (1,2), (2,1), (2,3)} 
 

 –  
R = {(1,1)}{1, 2, 3} 

      
  

R = {(1,1)}{1, 2, 3} 
 

 – 

[1] = [3] = {1,3}, 
[2] = {2},   [4] = {4},   [5] = {5} 

  
 

 
[1] = [3] = [5] = {1,3,5}, 
[2] = {2},   [4] = {4} 

 
[1] = [2] = [3] = [4] = [5] = {1, 2, 3, 4, 5} 

 
[1] = [5] = {1,5}, [2] = {2}, [3] = {3}, [4] = {4} 

 
 

 
 – 

 

 

 



 

 

 

 

 – 

{(1,1), (1,2), (2,1), (2,2), (3,3), (3,4), (4,3), (4,4)}, 
[1] = [2] = {1,2}, [3] = [4] = {3,4} 

 
{(1,1), (2,2), (3,3), (4,4), (3,4), (4,3)}, 
[1] = {1}, [2] = {2}, [3] = [4] = {3,4} 

 
{(1,1), (2,2), (3,3), (4,4)}, [i] = {i} for  i = 1, ..., 4 

 

 
{(1,1), (1,2), (1,3), (2,1), (2,2), (2,3), (3,1), (3,2), (3,3), (4,4)}, 
[1] = [2] = [3] = {1,2,3}, [4] = {4} 

 

}4,3,2,1{]4[]3[]2[]1[

}},4,3,2,1{j,i|)j,i{(




 

 

}3{]3[},4,2{]4[]2[},1{]1[

(3,3)},(4,4),(4,2), (2,4), (2,2), {(1,1),


 

 – ARA YAYA  

ARBYBYA 
YAYB BRA 

ARB, BRCYBYA 
YCYB YCYA 

ARC 
 {1}, {1,3}, {1,4}, {1,3,4} 

 (presence)
(absence)1, 2, 5 



 

 

 –{Palestine, Iraq, Syria}, {Egypt, Algeria}, {Bosnia} 

 

 RR 

  XxR)x,x(  

 XRrangeRdomain  
 

 RX 

R = {(x, y) | x and y are in X}  
 
 }Xx|)x,x{(R  

 
 {(1,1), (2,2), (3,3), (4,4), (5,5), (6,6), (1,2), (2,1), (3,4), (4,3)}  

 
 (partitions) 

{{1}, {2}, {3}}, {{1}, {2,3}}, {{1,2}, {3}}, {{1,3}, {2}}, 
{{1, 2, 3}} 

 

 –  (1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (1,7),    

(1,8), (1,9), (1,10), (2,1), (3,1), (4,1), (5,1),    
(6,1), (7,1), (8,1), (9,1), (10,1)    

 –  Xb,a)b,a(R)b,a(  

  Xb,abaab  
(a,b) R (c,d)ad = bc 
cb = da(c,d) R (a,b) 

(a,b) R (c,d), (c,d) R (e,f)   
ad = bc, cf = de 

af = adf/d = bcf/d = bde/d = be 
(a,b) R (e,f) 

   
(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (1,7), (1,8), (1,9), (1,10), 



 

(2,1), (2,3), (2,5), (2,7), (2,9), (3,1), (3,2), (3,4), (3,5), (3,7), (3,8), 
(3,10), (4,1), (4,3), (4,5), (4,7), (4,9), (5,1), (5,2), (5,3), (5,4), 
(5,6), (5,7), (5,8), (5,9), (6,1), (6,5), (6,7), (7,1), (7,2), (7,3), 
(7,4), (7,5), (7,6), (7,8), (7,9), (7,10), (8,1), (8,3), (8,5), (8,7), 
(8,9), (9,1), (9,2), (9,4), (9,5), (9,7), (9,8), (9,10), (10,1), 
(10,3), (10,7), (10,9) 

  
d
c

b
a ifonly  and if )d,c(R)b,a(  

 
 1RR)b,a( 

R)b,a( 1R)a,b( 
1R)b,a( R)a,b( 1RR)a,b( 

1RR  

 

 21 RR)y,x(  
 2R)y,x( &1R)y,x(  

1R2R 
2R)x,y( &1R)x,y(  

 21 RR)x,y(  
21 RR  

 A21 RR 
1A1R2A2R

21 AAA  
 
 R 

STsomeforTxx  
RxRy 

STsomeforTy,x  
yRxTx,y  



 

 (cylinder) 
 – 

}}4,3,2,1{y,x|)y,x{()))R(((

)}2,3(),2,4(),4,3(),2,1(),1,1{()R(

)}4,2(),2,4(),3,4(),4,3(),2,1(),1,2(),1,1{()R(

)}2,4(),4,3(),2,1(),4,4(),3,3(),2,2(),1,1{()R(

1

1

1

1






 

 Xy}Xx|)x,x{()y,y(  
  Xy)R()y,y(  
  1RR)y,x(  

  R)y,x(   1R)x,y(  
1RR)x,y(  

  1R)y,x(   R)x,y(  
1RR)x,y(  

1RR)y,x( 
1RR)x,y( 1RR  

  )R()z,y(),y,x(  

 
.R)z,x(

R)z,y(&R)y,x(

nm

nm



 

  )R()z,x( )R( 
R 
}R{)R()y,x( n 
Xyx,,xx n0   
n,,2,1i;R)x,x( i1i R

R)y,x( 



 

)R(R )R(R 
)R(R  

R)R( )R(–
–R 

i 
ii)}1,2(),2,2{(R)},2,1(),1,1{(R 21  
iii)}3,2{(R)},2,1{(R},3,2,1{X 21  
iv)}4,3(),3,1{(R)},3,2(),2,1{(R 21  
(v  (vi  (vii 

 
  

 

 – [3] = {3,4} 

  
 
  

{(a, a), (b, b), (b, d), (b, e), (d, b), (d, d), 
(d, e), (e, b), (e, d), (e, e), (c, c)} 

 
 –(i R

 

(ii R21 s,s
12 s,s

 
(iii21 s,s 
32 s,s 
31 s,s 



 

RR 
  
 11111111, 01111111, 00111111, 00011111 

00001111, 00000111, 00000011, 00000001 
00000000                                                      

 
 –R = {(a,a), (b,b), (c,c)} 

RX = {a, b, c}R
 

R(x+x=) 2x2
R 2x+y2y+x

R2x+yx+y = 2kk
2y+zy+z=2nn

 

2my)-n2(kzx

2n2k zy y x 


 

m2x+z 
 

 
 –XY 

domain = X,  range = {a, b, c} 

 

 
XY 



 

XY 
domain = X,   range = Y 

 

 
 

{(c,1), (d,2), (a,3), (b,4)} 

domain = Y,   range = X
 

 
XY 

XY 
domain = X,   range = {b} 

 

 
 

 – 

 



 

 

 
 

 
 

 
 

 –f 

f(4/3) = f(-2/3) 
0)x(f x 

 2sin0sin 
2xsin x 

f 
f 



 

2)x(f x 
)x/1(f)x(f 

x1x,0x 
1/x f 

1)x(f x 
2/1)x(f2/1 x 

 
  )}c,2(),a,3(),b,1{(f  

 3,2,1X    d,c,b,aY  
 )}y,b(),y,a{(f  
  }b,a{X  }y{Y  
  )}1,2(),1,1{(f  

   2,1  2,1 
 

  
    4/2yyf 1    ylogyf 3

1  
  3/y1 2yf     3y/1yf 1  

 
3/1

4
5y1 yf 




      7/16ylogyf 2

1 
 
       x,3,z,2,x,1gf  

 
 



 

          ,1n6ngf,4n9ngg,3n4nff  

   2n6nfg  
  

       
2n nn224 2xfg,2xgf,2xgg,nxff   

 
     224 x2)x(fg,x2)x(gf,x)x(gg,x22)x(ff  

 
 

 –  2x)x(h,xlog)x(g 2
2  

  xhg)x(f  
 )x(f)x(whg,x)x(w,x2)x(h,x/1)x(g 2   

  )x(gh)x(f,xsin)x(h,x2)x(g  
  .)x)(hg()x(f,xsin)x(h,x2)x(g  
 )x(f)x(whg,xsin)x(w,x3)x(h,x)x(g 4   

 )x(htg)x(f,xcos)x(t,x6)x(h,x/1)x(g 3  
 
  

 ),1,1(),0,0(),1,1(),4,2(),9,3(),16,4( ),25,5{(f  
)}25,5(),16,4(),9,3(),4,2( 

f 
 
 4 

 )}a,2),b,1{()},b,2(),a,1{( 
  
 



 

 – )}a,c(),b,b(),a,a{(ff  
}b)(c,a),(b,b),(a,{fff  
  ff,ff 6239   
 
 – }(4,1)(3,2),(2,3),(1,4),(0,0),{f  

 
f  

 }(5,2)(4,4),(3,0),(2,2),(1,4),(0,0),{f  

 
f  

 (greatest common divisor) g c d 
m , n 

 
  4 

 a : b(storing)
(item ) a( cell )  b 



 

 53:9, 13:2, 281:6, 743:7, 377:3, 20:10, 10:0, 796:4 
 714:0, 631:2, 26:9, 373:16, 775:10, 906:5, 509:1, 

2032:11, 42:8, 4:4, 136:3, 1028:12                                

 53:4, 13:5, 281:3, 743:6, 377:9, 20:7, 10:1, 796:8 

 714:0, 631:6, 26:5, 373:1, 775:8, 906:13, 
509:2, 2032:7, 42:4, 4:3, 136:9, 1028:10 

 

 –(search)(an 

empty cell)


mark(deleted cells)
(non empty) 

(data item)  
present(found ) 
 
 – )}1,x{(f,}x)(b, ),x,a{(g  

    
   )}a,1{(g,}z)(b, ),z,a{(f  
     

 
   ,1)U(g},c,a{)T(g},a{)S(g 1   

}3,2,1{)V(g 1  

 

fx, y
)y(f)x(f yx }y{B},x{A 
f BAfy  



 

   BfAfy

BAxsomefor)x(fy




 

   BfAfy  
Bb,Aasomefor)b(f)a(fy  

fa = b  
 BAfy  

Xxf (x) 
f(x) = f(x)XxxRx  

xRyf(x) = f (y) 
f(y) = f (x)yRx 

yRz,xRy 
 f(x) = f(y) , f(y) = f(z)        
 f(x) = f(z) , xRz 
Xx   xffx 1 

  XSTTU  
 

Yzy,  somefor  })z({f})y({fa 11    

 

zy

.z)a(f,y)a(f




 

 SX 
 

 
 
 x , y 
 
    yx x R yg (x) = g (y) 



 

 
  

ggf  
(implies)f 

f
Xx,x 21    21 xfxf  

 2,1A )}x,2(),x,1{(g 21 
ggf  

 
 (i)fY(onto)gY

Z(onto)fg z(onto)
ZzgZYy

  zyg fYXx
  yxf zf(x)g fg Z

(onto) 
(ii)gYZ(onto)
fg Z(onto)f(onto)

YYy0 
Xx0y)x(f 

 1,0Z gYZ 
00 yyif0)y(g,1)y(g  

gZ fg Z 
 

  

 
.0)x(Cthen,YXxIf

.)x(CxC111)x(C,YXxIf

YX

YXYX






 



 

 
XxYx

0)x(CX 0)x(CY  
)x(C0)x(C)x(C YXYX  

 
i)  then,YXxIf   

)x(C)x(C)x(C)x(C        

01011)x(C

YXYX

YX




 

  
ii)    XYxIf      
iii)   then,YXxIf   

)x(C)x(C)x(C)x(C

11111)x(C

YXYX

YX




 

iv)   then,YXxIf   

).x(C)x(C)x(C)x(C

0.0000)x(C

YXYX

YX




 

Ux 
 

i)   ;Xxthen,XxIf   

)x(C1110)x(C XX  

ii)   ;Xxthen,XxIf   

)x(C1011)x(C XX  
 

 
i)   then,YXxIf   

  .)]x(C1[)x(C01.11)x(C YXYX   

 
ii)  then,YXxIf   



 

 

Xx  Yx 
a) then,XxIf   

)].x(C1[)x(C)]x(C1[00)x(C YXYYX  

b) then,YxIf   

.])x(C1[)x(C]11[)x(C0)x(C YXXYX   

Ux 
 
 0)x(CX  

1)x(CX XxYX
Yx1)x(CY 

 
  
 

   Ux)x(C)x(C)x(C YXYX . 

if and only if       

.Ux0)x(C)x(C YX  


(if and only if)  
Ux0)x(C YX  
(definition)

(if and only if) 
UxYXx  

  
  YXif and only if 

  )x(C)x(C2)x(C)x(C)x(C YXYXYX  



 

 f(onto)f(x) = f(y)
Ux)x(C)x(C YX  

Xx1)x(CX 
1)x(CY YxYx

XYX=Yf 
 YC  f YY 
 
 –(i)(set)(equiv. to itself)

(identity function) 
ii xYf

XY)YX:f( 1f 
YX)XY:f( 1  

iii xYYX:f 
YZ

ZY:g fg 
XZ)ZX:fg(  

 X, Y 
 f (x) = 2x 
 XP(x)

fXP(x)
 

 )x(fxXxY    

XysomeforY)y(f   
 YyوYy  

 



 

(ifXY
RfXaRy

)y(f)y(g 1RYy 
ag(y) gYX(onto) 

(iigYXXx
Yyg(y) = xf(x) = y

fXY 
 
 –f 

fX(contain)f 
f 
f f (x, 0) 
f
Xy,x   yx1 

  222 yxy2xyx0   

   
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 
 –  x)x(g  

 ax)x(f  
 
 R    fy,xx,y  R

(domain of)Yf    Rx,y,x,y 
xx fRYX



 

XxYyxR(y) 
fR 
  

 – 
 x = y = 1.5 
x = 2, y = 2.6 

 
 –nn = 2k – 1k

(some integer) 
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 

 nn = 2k + 1k
 
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 
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 –  x = 1.5 

  xk  

   x2k2x2k2x2&kx1k   

  
     

       x21x2x22x2

2x22x2x21xkx


 

 
 –   

   
   

  47mod24897mod5205002004

7mod
400

2003

100

2003
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 –( domains )
( same size )(their range 

values agree)
 

( equal domains )


( equivalent sequences )
 

 
 f f( onto ) 



 

 
 x = y = 2.3 
 

 f 2,1X 33f(2)f(1)  
g 1Xg(1) = 1 

 a : b
ab 

1 : 1, 784 : 4, 18 : 5, 329 : 6,  
43 : 7, 281 : 8, 620 : 9,  1141 : 10, 
31 : 11, 684 : 12   

 



 

 
 

  842  

 30532  
 45533  

 

 160548  

 
 54033265  
 

 6312 6  
 

  366 2     3 
 6     826  
 6     10 
 11     25 55  

 18 
 

 – 50510  
 25005050  
 24504950  

 

 – 23 1026  
 910242526  

 

 – 1624     6426  



 

 19223 6    8 
 287)/2(8    255128  
 1624  

 

  60345  

 24234  

 24423  

 36343  

 8034545  

 40452  
 

  12553  

 60345  

 6443  

 24234  

 616412545 33  

 36343  
 

  19615200  

 982/)4200(  

 982/)4200(  

 40 

 12872200  

 15889995  
 (i 77 



 

ii 18
7 

17, 27, ..., 97, 70, 71, ... , 76, 78, 79 
iii 19

7 
yx1107, 

yx
(ii18 

1 + 18 + 19 = 38 
 0 

i 10, 20, ..., 90 
ii 180 

101, 102, ..., 109, 110, 120, ..., 190 

iii 
100, 200

0 

196-(9+18+2) = 167 

 1016 
i 200 

ii xy1 

xy0, 1, 2, ..., 5, 7, 8, 9            
100, 101 
 

8029911  
  

i 5, 6, ..., 95 



 

ii 12,13,...,19,23,24,...,29,...,89
 

36178   

iii  

123, 124, ..., 129, 134, 135, ..., 139, ..., 189 

 28167   


 
6928365  

 1yzzy&1y 
 

120, 121, 130, 131, 132, 140, 141, 142, ..., 190, ..., 198 

 
449...32  

 

 – 89101112  
 512 
 89101112-125  

 

 – 10 ! 

 (5 !) (2 !) (3 ! ) 

 5 !5 ! 
 (3 !) (5 !) (2 !) (3 !) 

  
i 

]BBB[ 821  
8 ! 



 

ii 


(8 + 1) 
iii 


(10 – 2) 

 
89!8  

  5432 3626362636263626  36 26  26  
 

  nm 
 

 10 

 10(Identical)
I 

 10(Different)10
D 

10
10(I, D)102 

 

  362332  
 

 Xn
x n



 

n
n21n2

2
1 22    

 

 X 
 

 – 
100 

1 


1001 
144222 475  

 
 – 

1 
1 

1 
192222 677  

 
–

0 
19222 68  

 

 – X (selections)B 
Y  A 

    2045YX  



 

      4YX  
   

36  4 20  20 

YXYXX




 

X C 
YA 

60453Y,2045X   

842YX   

7286020X  

 36 
18 

33
YXYXYX  

213186YX  
 

  
2nn 

    2/1nnn  
 

  42 
 

  479476496796  
 

  22n  
 

  234563456  
 

 – 4!  =  24 



 

 abcd, abdc, acbd, acdb, adbc, adcb,

 bacd, badc, bcad, bcda, bdac, bdca, 
 cabd, cadb, cbad, cbda, cdab, cdba, 
 dabc, dacb, dbac, dbca, dcab, dcba  

 P(4, 3)= 4(3) (2)= 24

 abc, acb, bac, bca, cab, cba, abd, adb, bad,

 bda, dab, dba, acd, adc, cad, cda, dac, dca,

 bcd, bdc, cbd, cdb, dbc, dcb
 11!

 7891011  5) P(11, 

 

 –  91011 3)P(11,  
   9101112 4)P(12,  
   101112 3)P(12,  

 

 –  3 ! 
  3 !  3 ! 
 3 !AE, C, DB

permuted3 ! 
 !42

AE4 !
EA4 !

!42 
 60!5

2
1 AD

DA 



 

 ABCD
 

XAB 
YCD 

 

4262424           

YXYXYX

6!3YX

24!4YX









 

42ABCD
5! = 120

AB, CD 
120 – 42 = 78 

  
XAB 
YBE 

24!4YX  
AB, BE

ABE 
6!3YX  

 
42YXYXYX  


AB, CD 120-42 = 78 

 
A, C, EA



 

CCE- A – CEB, 

DDABCEBADCE
 

20!2)3,5(C
!3
!5  

  

42           

3!  4!  4!            

YXYXYX






 

 V, J18
18!
M519

V, J
5) P(19,

 5) P(19,18! 

 10! 
 9! 

M
4!J

(in-between spots)M
12345 

  !5!4  
(fix a seat)JJ
7!J
M5

P(8, 5)
7! P(8, 5) 



 

  C(4, 3) = 4 

 {a, b, c}, {a, b, d}, {a, c, d}, {b, c, d} 
 

 

3-
co

m
bi

na
ti

on
s 

3-
pe

rm
ut

at
io

ns
 

 
{b

, c
, d

} 
bcd 
bdc 
cbd 
cdb 
dbc 
dcb 

{a
, c

, d
} 

acd 
adc 
cad 
cda 
dac 
dca 

 

{a
, b

, d
} 

abd 
adb 
bad 
bda 
dab 
dba 

{a
, b

, c
} 

abc 
acb 
bac 
bca 
cab 
cba 

 

 
 

 



 

  C (11, 3)    C (12, 4) 
 C (44, 6)    C ( 48, 6 ) 

 
  C ( 13, 5 ) 

 C ( 6, 3 ) . C ( 7, 4 ) 
 

4)C(13,
4)C(6,


4)C(6,-4)C(13, 

 



 

3)C(7,.1)C(6, 
 

4)C(7, 
 

C(6, 1) . C(7, 3) + C(7, 4) 
 


 
 

  ) 4 7, ( C  ) 4 6, ( C  - ) 4 13, ( C  



 

 "m"
"n"

 
"n"

1113
 

2)C(11,n ,Cm  
 

2)C(11,C  
 
 C(10, 4) . C(12, 3) . C(4, 2) 
  C(8, 3) 
  

00011111,10001111,11000111,11100011,11110001, 11111000 

"m"



 

 
 

 
0


8 



 

 


"–" 
– 1 – 1  –1 – 1 – 1 –1 – 
C(7, 2)

C(7, 2) 
 

C(6, 3) 
 

C(5, 4) 
 

 


 

1 + 8 + C(7, 2) + C(6, 3) + C(5, 4) 

82
–

 
  ) 4 5, (  C  ) 6,3 ( C  ) 7,2 ( C  8  1 28   

 
  48481  

48 
 1) (48,C13denomination

(odd card) 
 C(13, 5) 



 

 (number of hands)
(cards)

 
26C(26, 5)
526

5)C(26,
 

C(13, 5)
C(13, 5)


 

C(26, 5) – 2 C(13, 5) 

C(4, 2)
 

 )5,13(C2)5,26(C.)2,4(C   

 
 

  
  

  
 

1313132)(13,C  4   

 4 
( i9(consecutive patterns) 

A2345, 23456, 34567, 45678, 56789,
6789T, 789TJ, 89TJQ, 9TJQK  

( ii4(possible suits)  



 


  36  4  9  
(i (pick the lowest card's denomination) 
(ii 

54 . 9 
(i 
(ii 
(iii 
(iv 

 
C(13, 2) . C(11, 1) . C(4, 2) . C(4, 2) . C(4, 1) 

 

  C(52, 13) 
 4 
 (i 

(ii13 
(ii 
1326

13
13 
 

C(26, 13) – 1 – 1 

13 
  2 - 13) C(26, . 2) C(4,  

 (i 
(ii 

131. C(48, 9) 



 

  C(13, 5) . C(13, 4) . C(13, 3) . C(13, 1) 
(i54

31 
(ii 
 13 

4! . C(13, 5) . C( 13, 4 ) . C ( 13, 3 ) . C ( 13, 1 ) 

(i  
(ii 

13 

1) C(13, . 4) C(13, . 4  

1)C(13,.4)C(13,.4)C(13,.4) C(13, . 4   

3
 

1332 
 C (32, 13) 
 205  4 
 
  102      C(10, 3) 

 C(10, 3) + C(10, 2) + C(10, 1) + C(10, 0) 
 92      C(10, 5) 

  C(50, 4)     C(46, 4) 
  

  C(46, 2) . C(4, 2) 
  

    
  

C(50, 4) – C(46, 4) 
 



 

  (represent)10


nn – 4


(in – between)(end 

positions)(groups of bits)
1


110
|
 

fedcba 1|0*1|0*1|0  

  
4-n fe,d,c,b,,a0   

  
4-n  fedcb  a   

 n + 1
|*|*| 

C(n + 1, 5) n = 7
|*|*| 

 

110
*

01
*

01
 

  
a = 0 = b ,    c = 1 = d ,    e = 0,    f = 1 

a + b + c + d + e + f  =  3  =  7 - 4 



 

n – kk


1k-n 

 C(n – k + 1, k) 

 

 8765 4! 
C(n, k)4n
C(n, 4)4! 

 

  

 P(n, r)r 
  

 
P(n, r)  1 = P(n, r) 

 
 C(n, n-r) = C(n, r) 

n-r 
 r!

r 
 

C(n, r)  r! 

 
P(n, r) = r! C(n, r) 

 
 

 



 

 


 
 n(n -1)!

 

 


C(n, 2)
 

 n
n 

(n=2)1s 2,2  
n

n+1n+1
 

 
(n-1)! 

 
n 






1n

1i
i
1)!1n( 

(n+1)
(this seating arrangement)n
n–

(n+1)–
(n+1) 



 










1n

1i
i
1

1n

1i
i
1 !n)!1n.(n 

  

.!n!n)!1n(
n

1i
i
1

1n

1i
i
1 






 

 
 nn

(seating)nk
––

(a unique permutation)n,,2,1 
 

)e,i(p,),2,i(p),1,i(p i 

(are seated clockwise)
ii = 1, 2, ..., k(in this order)
(interpret)(permutation)

(mapping) 

)1,k(p)e,k(p    

)e,k(p)1e,k(p

                  

)3,k(p)2,k(p    

)2,k(p)1,k(p    

                  

)1,1(p)e,1(p    

)e,1(p)1e,1(p

                  

)3,1(p)2,1(p     

)2,1(p)1,1(p     

k

kk

1

11
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
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 

(representation)
(decomposition of a permutation into its 

cycles)
 

 2s 1,3  

4nfor)4n,n(C3)3n,n(C2s 2n,n  
2s 1,3  

4n (two basic 

seating arrangements) 
i (n-3)


2C(n, n-3)

(solitary 

persons)(n-3)C(n, n-3)


2! 

ii (n-4)


(n-4)
C(n, n-4)


3C(n, n-4) 

(i)(ii) 
 
 k > nnk

 



 

 nn
 

 n


n 

  

 XnXx
Y}x{X }YX,Y{ 
X
12S 1n

2,n   
 n

(n-1)(n-2)


C(n, 2)
)2,n(CS 1n,n  

 )4,n(C3)3,n(CS 2n,n  

n
(n-2) 

i 


C(n, 3) 

ii 


C(n,4)–
(doubletons)–

(organizing)



 


3C(n,4) 

  
 

  

A, C, EC(6,3)
 
A, C, EC

A, E
AEEA 

3!
 

C(6, 3). 2. 3! 
 
 iC(4, 2) 

iiC(13, 3) 

iiiC(13, 3)
 


2)3,13(C).2,4(C 

 

 
 

)4,5(C)1,95(C).3,5(C  . 

 
 



 
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 )!5!3!2/(!10)3,8(C)2,10(C  
 5,987,520 
 C(5, 2) 
 C(5, 2) 
 C(7, 3) + C(5, 2) 
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 )10,1310(C  

)12,1412(C  
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 
  1 8 28 56 70 56 28 8 1 
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if and only if k+1 < n-k if and only if k < (n-1)/2 
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 
  a = 1, b = -1 
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 XkX
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 
 (n+1)n(n-1)/3 

 
  

)1,k(C)2,k(C2k2  
 a = 1, b = 2 

 

  
 
 (combinatorial proof)

 
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 a = b = c = 1 
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 

 
 

 
  
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 
 

 
  
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 
 



 
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 
 

 

 (c, d)(touch)
 

(b, d) 

(b, d) 
 

 (a, c, e, b, c, d, e, f, d, b, a) 

(a, c, f, e, c, b, e, d, b, a) 

(a, b, c, e, b, d, e, f, c, g, h, i, f, h, e, g, d, a) 
 

 }e,e,e,e,e,e{E},v,v,v,v{V 6543214321  

61 e,e 5e 

  G 

1e21 v,v 

}8e,7e,6e,5e,4e,3e,2e,1e{E},5v,4v,3v,2v,1v{V  

G
1e4v,2v 



 

}3v,2v,1v{V E
G
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  

 
 n(n-1)/2 
 }.v,v,v{V},v,v,v,v{V 765243211  

 
  }v,v{V},v,v,v{V 4325211  

  
}v,v,v{V},v,v,v,v,v,v,v{V 7522109864311  
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}.L,I,C,W,H{V},M,D,S,B,G{V 21  
 

 }v,v{V},v{V 32211  
 

        

 



 

 
 m n 
 

 
1K

 

  (b, c, a, d, e) 

 (c, a, b, e, d) 

 (a, c, d, e, b) 

 

  

 
 5 
  

 
  

 
   

 



 

  
x := 1        w := x + 5 

x := z + w 
y := 2        z := y + 2 
 
 

  

 
 

  
    
    
    
    
    
    
    
    
    
    

 

  

 



 

 
 

        

 
 

 
(1+2+3+4)/2 = 54 

  

 
 a, b, c, d, e, 

fa, b5
c, d, e, f2

 
  

 
 ––

a, b2
c, d, e4c4

(incident on)a, b, d, e
da, b, c, ee

a, b, c, da3
 



 

 
  (a, a), (b, c, g, b), (b, c, d, f, g, b), 

(b, c, d, e, f, g, b), (c, g, f, d, c), 
(c, g, f, e, d, c), (d, f, e, d) 

  (a, b, c, d, e), (a, b, c, d, f, e), (a, b, c, g, f, e),     

 (a, b, c, g, f, d, e), (a, b, g, f, e), (a, b, g, c, d, e), 
 (a, b, g, f, d, e), (a, b, g, c, d, f, e)                      

 
  

 


 

 

  4 
 )v(,6)v(,3)v(,2)v(,2)v( 54321 

2)v(,4)v(,4)v(,4)v(,3)v(,2 109876  
 
  )},v({G 11  

           )},v({G 22  

     )},v,v({G 213  

})e{},v,v({G 1214  

 6
 

 
 (i 



 

).},v,v,v({G),},v,v({G

),},v,v({G),},v,v({G

),},v({G),},v({G),},v({G

3217326

315214

332211





 

(ii  

  
G 

 17 
  
   

 )v,v,v,v,v,v,v,v,v,v,v( 13412354251 

  

  

 (a, b, d, c, b, f, g, j, f, e, j, h, c, i, d, e, i, h, a) 

 (a, b, c, b, d, e, h, f, i, j, k, i, h, g, f, e, g, d, c, a) 
 

  

 
 

(10, 9, 6, 5, 9, 8, 5, 4, 8, 7, 4, 2, 5, 3, 2, 1) 
  
 
  n 

 m, n 



 

 m = n = 1  m = n = 2 

 

  d, e2 

 44 
 
 (d, a, b, d, e, b, c, e, h, g, d, f, g, j, h, i, e) 
 

   
 (b, c, d, g, b, a, f, g, i, f); (c, h, e) 
 Gn

n1 v,,v 
1v2v3v4v
G 

 
  a 

(..., a, ..., b, a, ...) 
  a, ..., b 

  

 
(a, b, c, a)

d 
 
 e = (v, w)G

Pvwex, y
G-{e}GPGvw



 

(occurrence)eP
P(resulting path)vwG – {e}

G – {e}Ge 
 

  

 
 (union)

G(all connected subgraphs containing)
(component) 

 
 H

vHCv
H = C 

i wHH
vwHwC 

ii wCvw 

)v,,v,v( n10  

wvn 10 vv C)v,v( 10
H0vH1v

HwH 
(i), (ii)(vertex sets of) H, C

(edges sets of) H, C
 

 
 Pvw(orientation)(edge)

P 



 

 
  

 
 
  

 
 6K 

 

  

 

   

),bbb,bbb( )2(
1n

)2(
2

)2(
1

)1(
1n

)1(
2

)1(
1   

(a directed Euler cycle in G) G 

  
 )3(

1n
)2(
1n

)1(
1n

)1(
2

)1(
1 bbbbb  

(a de Bruijn sequence) 

  

 
 k)1n(n  

)v,,v,v( k10 i1i vv  
 i 

)v,,v,v( k10  



 

k 1k  
0vn

(subsequent vertex)(n-1)
(predecessor)

kk)1n(n  
ii k

n,,2,1k nk1  

2n
]1)1n)[(1n(n

1)1n(
1)1n(kn

1k
k

k
)1n(n)1n(n













 

  1m
1m

m p)1n(p 
  

1m)1n( 
1)-(mv1mp 

(m-1)v
w(m-1)v

w(extend it)m
vw 
 



1
1m

m2m1m

2m
2m1m

2m
2m1m

m

p)1(

)1n()1()1n()1n(

p)1n()1n(

]p)1n[()1n(p
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 



n
)1()1n(

1)1n(
)1()1n(

1m

m2m1m

1mm

1mm

)1(

)1n()1()1n()1n(




















 

 

 1(v, w)vw 
(n-2)2)w,x,v( 1vw

1x(n-2)1x
v, w 

(n-2) (n-3)3)w,x,x,v( 21v
w1x(n-2)

2x(n-3)1x
v, w 

 k)-(n...3)-(n2)-(nk
)w,x,,x,v( 1k1 vw1x

(n-2)2x
(n-3)
 

 
 0n 

1n(n-1) 
2n(n-1)(n-2) 

 
 



 
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 

2n n = 1
 

 
 i vVv

(no edges)vvvRv
 vVR 

ii vRw)v,,v( n0 
wv,vv n0 )v,,v( 0n wv

wRvR 
iii vRw, wRx1Pvw

2Pwx1P2Pvx
vRxR 



 

RVR
V 

 
 i

–v–
(loops incident on)v(cycle)

(traverses) 

ii –v, w–
2k(edges)

v, w1k v
wv
vvw

wwv
v, w

vv, w 
 
  2 

 1dist(v, w) = 1nK 

 

 0v
(follow)0v1v

iv
1iv 

(cycle)
dag
 



 

 

  (cycle) 

 

  
 

  

 
 

 v, wv
w 


"v"(upper left vertex)"w"

(bottom middle vertex) 


"v"(left middle vertex)"w"
(left bottom vertex) 

v, wv
w 

 mn1 
n = 1, 2 

 

  a:1     b:1     c:1     d:1 

e:2     f:3     g:3     h:4           

i:2     j:3      k:0                    

  4 
 



 

       

  


 

5 4 

 

  i PEN    ii LAP 

iii DEAL   iv SALAD 

 i 0111100010   

ii 010000001111 

iii 0111000100111100010  

iv 0110000100100001111 

 
  

  

 
 

 
 

 



 

 
 

  

 
 
  

 
 

 (ambiguous)01
C(represent)EA 

 

  (a terminal vertex)1 
 TV

(even 

levels)W
(odd levels)(edge)(incident 

on)VWT
 



 

 T


 

 
  a:5     b:4     c:5     d:4     e:3 

f:4     g:3     h:4      i:4      j:5 

 e, g 
 (radius)T

(the eccentricity of a center)
2r = d 

 
  

a         b 

(a, b), (a, b, a, b)(distinct paths)ab 
 

  

 
 a:2     b:1     c:0     d:3 

e:2     f:3      g:4     h:5         

i:4     j:5       k:5     l:5         

 5 
 



 

  

 
 i  

i 1 2 4 5 3 6 

ip  0.34 0.30 0.12 0.10 0.08 0.06 

i  7 8 8 9 11 12 

 ipi 
 ii 

 
                                                 1            0 
 
 
                                      1            0        1           0 
 
                               1         0      1        0 2C          1C  

 
                             6C        3C  5C         4C  

   

      
011010000110011101110000011001000110100001111000

 
      

100 0101011111010100 01101011
48)86( 
27 



 

 96)812( 
 

 
[(5+3+5) + (5+4+7) + 27=]56 


 

56/96 = 0.5833 = 58.33% 


40% 

 

 i   

  
 

 

 
 

  

ii    

 

 

 

 i  b : cd : h 

 b, a : ce, c, b, a : j 
 h, i : dj : e 

 e, f, g, j : cj : e 

 e, g : fi : h 

 j, f, g, h, i 



 

 a, b, c, d, e 

 

ii   

  

    
 

  1 
       

     
 

  (a single vertex)"cycle"  

 (v, w)
v)w,(v, 

 

 
v, w

vw 
 

  (component)(connected)
(acyclic)  

 n - m 

 
 (a, c, d, b), 

(a, e, d, c, f, b) 



 

 
 
 G(parallel 

edges)G*
(n-1)G*(n-1)

G*
(adding an edge in parallel)

 

 
  

 
 b     a, c 

 d, a, c, h, j, k, l 

 

 
 
   

 67
 

  



 

 
 

  

   
   

 
  (h, f, e, g, b, d, c, a) 

      

    
  

 
 

 (a, b, c, d, e, f, g, h, i, j, k, l)   
  

 
  T(vertex ordering)

(same initial vertex)
(same spanning tree)T

(T itself) 



 

 T
T 

 
 G(edge is not contained in a 

cycle of G) 
 xa, bxT

(disconnected graph)U, 

Va, b
Vb,Ua PabT

P––y = (v, w)
Vw,Uv yT – {x}

{x})U{y}-(T
{y})U{x}-T(  

 

 G(ordered)
n21 v,,v,v d 

)v(d i1viv 
)v(d i = length of a shortest path from 1v  to iv  

procedure short_paths(V, E, d) 

     S := ( 1v ) 
     V' := set consisting of 1v  
     E' :=  
     0:)v(d 1   

     while true do 
          begin 
          for each x  S, in order, do 
               for each y  V-V', in order, do 
                    if (x, y) is an edge then 
                         begin 
                         add edge (x, y) to E' and y to V' 



 

                         d(y) := d(x) + 1 
                         end 
               if no edges were added then 
                         return(T) 
               S := children of S ordered consistently with the original  

vertex ordering 
               end 
end short_paths 
   

 TnT
T'T'n
nT'(a cycle)

T'
T''(deleting)T'
T''n(n-1)
 

 

 G = (V, E)n 
trueG(connected) 

falseG(not connected) 
procedure is connected(V, E) 
     T := bfs(V, E) 
     // T = (V', E') is the  
     // spanning tree returned by bfs 
     if |V'| = n then 
          return(true) 
     else 
          return(false) 
end is connected 

  dfsbfs 
 
 
 



 

  

(i)(ii)

 
  

(i) 



(ii) 

 
 

 

  

 
   

 

 

   
 

 ve
 

 

  



 

 
 nK2

eT
eT(alter the 

input)e3eT
e1(rerun the algorithm)

eT(output) 
T–(modified input)–


nK 

 
 G1T2T

x1T2T
y2T1T 

}x{U})y{T(T},y{U})x{T(T 2413  
(spanning trees)x, y

3T4T1T 
 
   

 
  

 5K
1 

 



 

 iG
(produced)(iteration)i

iG 

 

 7∞∞ 
11>< 

 
  "E" 

(connected weighted graph)ne
w(e)(weight of) e ew(e)
∞(actual weight) 

 
procedure kruskal(E, w, n) 
     V' :=  
     E' :=  
     T' := (V', E') 
     while |E'| < n-1 do 
          begin 
          among all edges that if added to T' 
               would not complete a cycle, choose 
               e = (vi, vj) of minimum weight 
          E' := E' U {e} 
          V' := V' U {vi, vj} 
          T' := (V', E') 
          end 
     return(T') 
end kruskal 

 
(break ties)(picking the smallest vertices)

(picks)– 
(2, 3), (3, 5), (3, 4), (1, 2) 

 



 

  

 
 (1, 4), (1, 2), (2, 5), (2, 3), (3, 6), (6, 9), (4, 7), (7, 8) 

 (6, 9), (3, 6), (2, 3), (2, 5), (1, 2), (1, 4), (4, 7), (7, 8) 

 
 

  
                                               SAY 
 
 
                                     I                     THEREAFTER 
 
 
              BELIEVE             IN                                UPRIGHT 
 
 
ALLAH 
 
                    AND 
 
                                          BE 

 
 

 rootn 
key 

.n 
keynullkey

 
procedure bst_search(root, n, key) 
     ptr := root 
     while ptr ≠ null do 
          if ptr contains key then 



 

               return(ptr) 
          else if ptr contains a value greater than key then 
               ptr := left child of ptr 
          else 
               ptr := right child of ptr 
     return(null) 
end bst_search 

 
 n;s,,s,s n21  

T(of minimum 

height) 

procedure optimal_bst(s, n) 
     sort n1 s,,s   

     return(o_bst(s, 1, n)) 
end optimal_bst 
 
procedure o_bst(s, i, j) 
     if i > j then 
          return(null) 
     m :=  2/)ji(   

     T' := optimal_bst(s, i, m-1) 
     T" := optimal_bst(s, m+1, j) 
     let T be the tree whose root contains ms  

     let the left subtree of T be T' 
     let the right subtree of T be T" 
     return(T) 
end o_bst 

 (F) 

 
 
 



 

  

 
  
 

 
  m i + 1   (m – 1) i + 1 

 

 n > 1 
Tn 

procedure full_binary_tree(n) 
     T := a rooted tree with one vertex 
     for i := 1 to n-1 do 
          begin 
          let v be a terminal vertex 
          give v two children 
          end 
     return(T) 
end full_binary_tree 

 
 wT 

T(updated bst)
w 

procedure bst_recurs(w, T) 
     if T = null then 
          begin 
          let T be the tree with one vertex, root 
          store w in root 
          return(T)  
          end 



 

     s := word in T's root 
     if w < s then 
          if T has no left child then 
               give T a left child and store w in it 
          else 
               begin 
               left := left child of T 
               bst_recurs(w, left) 
               end 
     else 
          if T has no right child then 
               give T a right child and store w in it 
          else 
               begin 
               right := right child of T 
               bst_recurs(w, right) 
               end 
     return(T) 
end bst_recurs 
           

 t – 1 
 

 "root" 

true 
false 

 
 

small 
large 

procedure is_bst(root, small, large) 
     if root has no children then 
          begin 
          small := value of root 
          large := value of root 
          return(true) 
          end 
     lchild := left child of root 



 

     rchild := right child of root 
     if is_bst(lchild, small_left, large_left) and is_bst(rchild,  

small_right, large_right) then 
          begin 
          val := value of root 
          if large_left > val or small_right < val then 
               return(false) 
          small := small_left 
          large := large_right 
          return(true) 
          end 
     else 
          return(false) 
end is_bst 
 

     

    

 

  01N0  
 1

root(one child)


(minimized)2N1  
 2

2
3

(2 children)4N2  
h-1, h-2

(forming)h
(attaching)

 
1NNN 2h1hh   



 

 16 

   

                                        JIHAD 
 
 
                                  IS              THE 
 
 
                      FOR                ONLY      WAY 
 
 
                          LIBERATING          OUR 
 
 
                      LANDS          OCCUPIED 
 

MARTYRDOM
JIHAD

MARTYRDOMJIHAD


MARTYRDOMTHE



OCCUPIED
MARTYRDOM




MARTYRDOM 

JIHAD 
 
 
                THE 
 
 
         ONLY 
 
 
LIBERATING 
 
 
          OCCUPIED 

 
 

 

 



 

  

 

 
 

 
 

 
 

 
 




(full binary search tree)
–

–
O(log n)


O(n)

(keys) 
 

 (pointer comparisons)
NULL 

 50(target key) 



 

 
    

Key Result Subtree taken  

40 40 < 50    

50 50 = 50   

 55 

 
    

Key Result Subtree taken  

40 40 < 55    

50 50 < 55    

60 60 > 55    

55 55 = 55    

 10 

 
    

Key Result Subtree taken  

40 40 > 10    

15 15 > 10    

10 10 = 10    

 65 

65 
    

Key Result Subtree taken  

40 40 < 65    

50 50 < 65    

60  60 < 65    

52 



 

52 
    

Key Result Subtree taken  

40 40 < 52    

50 50 < 52    

60 60 > 52    

55 55 > 52    

48 

48 
    

Key Result Subtree taken  

40 40 < 48    

50 50 > 48    

 
O(n) 

(i)bst 
ii 10, 20, 25, 30, 40, 50, 90 
iii 30, 20, 10, 25, 50, 40, 90 

iv  
 

 (bst) 

   left child < parent < right child 
 << 

   parent > all of its descendants in its left subtree 
 < 

 
 
 



 

 
  

 
postorder 

 
inorder

 
preorder

 

DBECA BDAEC ABDCE  
CFEDBA CBEFDA ABCDEF 

LMKIJHBFGEDCA ILKMHJBADFEGC ABHIKLMJCDEFG  
EDCBA EDCBA ABCDE  

DCBGFEA DCBAEFG ABCDEFG  

  

 
   prefix:  * + AB - CD 

   postfix:  AB + CD - * 
 

 
   prefix:  /* - ACD + A - BD 

   postfix:  AC – D*ABD - +/ 
 

 



 

   prefix:  -+*AB*CD -/AB + DE 

   postfix:  AB*CD* + AB/DE + -- 
 

 
   prefix:  -*+*+ABCDE+*+ABCD 

   postfix:  AB+C*D + E*AB+C*D+- 
 

 
   prefix:  ++-*AB/CDE/- - - ABC*DD++ABC 

   postfix:  AB*CD/-E+AB-C-DD*-AB+C+/+    
 

   

 
 - + ABCprefix:  
 A + B – Cusual infix: 

((A + B) – C)parened infix: 
  



 

 

 
 - A + BCprefix:  

 A – (B+C)usual infix: 
(A-(B+C))parened infix: 

  

 
 -/A*B+CDEprefix:  
 A/(B*(C+D))-Eusual infix: 

((A/(B*(C+D)))-E)parened infix: 
  

 
 -*A*BC/C+DEprefix:  

 A*B*C-C/(D+E)usual infix: 
((A*(B*C))-(C/(D+E)))parened infix:

  

  



 

  

 
 *-+AB-*CD/EFA prefix:  

 (A+B-(C*D-E/F))*A usual infix: 
(((A+B)-((C*D)-(E/F)))*A)parened infix:

 
 

  -4    0    -16 

 0    16    -6 

 
  

 
 

  

 
A

AAA



 


AB 
 

 pr(preorder list) 
in(inorder list) 

root
 

procedure make_tree(pr, in) 
     if |pr| = 0 then 
          return(null) 
     ch := first character in pr 
     create a vertex v 
     store ch in v 
     root := v 
     choose strings st1 and st2 such that in = st1 || ch || st2 // || is the  

concatenation operator 
     let pr' be the substring of pr obtained by omitting ch 
     choose strings st1' and st2' such that pr' = st1' || st2', where st1'  
 (respectively, st2') is a permutation of st1 (respectively, st2) 
     left subtree of root := make_tree(st1', st1) 
     right subtree of root := make_tree(st2', st2) 
return(root) 
end make_tree 
 

  

 
 

 DBCAEFP,ABCDEFP 21  

 

 pt 

 
 



 

procedure print_terminals(pt) 
     if pt = null then 
          return 
     if pt is a terminal then 
          begin 
          print contents of pt 
          return 
          end 
     left := left child of pt 
     print_terminals(left) 
     right := right child of pt 
     print_terminals(right) 
end print_terminals 
 
 

 PT 

PT 
procedure swap_children(PT) 
     if PT is empty then 
          return 
     swap the left and right children of PT 
     t := left child of PT 
     swap children(t) 
     r := right child of PT 
     swap children(r) 
end swap children 

 pt 

 
procedure descendants(pt) 
     if pt = null then 
          return 
     numb_desc := 0 
     left := left child of pt 
     if left ≠ null then 
          begin 
          descendants(left) 
          numb_desc := 1 + contents(left) 
          end 
     right := right child of pt 



 

     if right ≠ null then 
          begin 
          descendants(right) 
          numb_desc := numb_desc+1+contents(right) 
          end 
     contents(pt) :+ numb_desc 
end descendants 

 
 (initial segment of a string)

i(first i characters)i1i 
 

  Z...,B,A,for x 1   

r(x) = 

/*,-,,for x 1-  
n21 x,,x,x /},*,,,Z,,B,A{ 

(a string over) 
)x(r)x(r)x,,x(r n1n1    

S(postfix 

string) 
1)'s(r,1)s(r  

s's 
 pt 

  
procedure print_expression(pt) 
     if pt = null then 
          return 
     if pt is a terminal then 
          beign 
          print contents(pt) 
          return 
          end 
     print '(' 
     left := left child of pt 



 

     print_expression(left) 
     print contents(pt) 
     right := right child of pt 
     print_expression(right) 
     print ')' 
end print_expression 

 
 pt 

(characters)(codes)
(prefixed by)  

(null string) 
procedure huffman(pt, ) 
     if pt is a terminal then 
          begin 
          print character stored in pt 
          print  
          return 
          end 
     left := left child of pt 
     huffman(left,  || 1) // || is concatenation 
 

    ABFGCDE 

   BGFAEDC 

   GFBEDCA 

 

  

 
    postfix:  EBD/ *CA - - 

  parened infix:  ((E*(B/D)) – (C-A)) 



 ٥٠٣

 
References On Discrete Mathematics In Computer Science 
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  

 
Index 

 
 

           
 
   

  absorption law 

  abstract 

  absurdity 

  ace 

  action 

  activity 

  acyclic 

  addition principle / rule 

  alphabetic characters 

  alphanumeric characters 

  alternating sequence 

  ancestors 

  antecedent 

  antisymmetric 

  Arabic text file 

  arbitrary family 

  arc 

  argument 

  arithmetic expression 



  

  arrow diagram 

  articulation point 


 

 ASCII (American Standard 
Code for Information 
Interchange) 

  associative law 

  associativity 

  automatically 

  auxiliary storage devices 

  axioms 


 

 backtracking algorithm 

  balanced tree 

  ballot 


 

 bar code 

  basis step 

  biconditional proposition 

  bijection 

  binary expression tree 

  binary operator 

  binary relation 

  binary search tree 

  binary tree 

  binomial coefficients 

  bipartite 

  bisect 



  

  bit (binary digit) 

  bit string 

  bits  (binary digits  / binary 
units) 

  bound law 

  bound variable 

  Braille system 

  branch vertex (internal) 

–
 

 breadth-first search 
algorithm 

 Cartesian product 

  ceiling 

  cell 

  center (of a tree) 

  characterizations 

  check character 

  child 

  circuit 

  class 

  client service program 

  club 

  code 

  codeword 

  codomain (range) 

  coin 

  collision 

  combination 



  

  combinatorial argument 

  combinatorial identity 

  communication line / link 

  commutative law 

  commutative operator 

  commutativity 

  compact 


 

 compact disk (cd) player 

  comparable 

  comparison 

  compiler 

   complement 

  complement law 

  complete graph 

  complicated function 

  component 

  composition of 2 functions 

  composition of 2 relations 

  compound proposition 

  compressing (a file) 

  computer file system 

  conclusion 

  conditional proposition 

  congruent triangles 

  conjunction rule 



  

  connected graph 


 

 connective 

  consecutive 

  consequent 

  consistent with 

  constituent proposition 

  constructing 

  contingency 

  contradiction 

  contrapositive 

  contrapositivity 

  converse 

  copy (of a tree) 

  corollary 

  counterexample 

  counting methods 

  cycle 

  dag (directed acyclic graph) 

  data file 

  data item 

  database 

  de Bruijn sequence 

  deck of cards 

  declarative 

  decode 



  

  decomposition (of a 
function) 

  decreasing 

  deductive argument 

  deductive reasoning 

  defective 

 DeMorgan's Laws 

  denomination 


 

 depth-first search algorithm 

  descendant 

  diameter (of a graph) 


 

 diamond 

  dice 

  digital picture 


 

 digraph 

  direct proof 

  directed acyclic graph (dag) 

  directed edge 

  directed Euler cycle 

  disconnect 

  disjoint sets 

  disjunction 


 

 disjunctive syllogism rule 



  

  distance (bet.2 vertices) 

  distributive law 

  distributivity 

  domain 


 

 domain of discourse 

  double negation 

  dual 


 

 duality principle 

  duplicate 

  eccentricity 

  edge 

  empty set 

  encoding 

  equiangular 

  equilateral 

  equivalence 

  equivalence classes 

  equivalence relation 

  equivalent formulation 

  equivalent sequences 

  euclidean geometry 

  Euler cycle 

  exclusive-or (exor) 

  executable statement 



  

  existential generalization 

  existential instantiation 

  existential quantifier 

  existentially quantified 
statement 

  exor (exclusive-or) 

  expand 

  expansion 

  explicit formula 

  exponential function 

  exportation 

  factor 

  fallacy 

  false 

  finite sequence 

  flip 

  floor 

  forest 

  formal algorithm 

  free tree 

  free variable 

  frequency 

  full binary tree  

  full m-ary tree 

  fully parenthesized form (of 
an expression) 

  function 



  

  generalization 

  geometric sum 


 

 graph 


 

 graph theory 

  group 

  hash function 


 

 heart 

  hierarchical 

  Huffman code 

  hypothesis 


 

 hypothetical syllogism rule 

  idempotence 

  idempotent law 

  identification number 

  identifier 

  identity 

  identity law 

  implication 

v  in (v) 

  incident on 

  inclusive 

  incomparable 



  

  incorrect 

  increment 

  indegree of a vertex 

  index 

  indexed cells 

  indirect proof 

  individual proposition 

  induction 


 

 inductive step 

  inequality 

  inference rule 

  infix notation 

  injective function (one-to-
one) 

  inorder traversal 

  inspect 

  intermediate conclusions 

  internal vertex 

  intersection 

  invalid argument 

  inverse (of a function) 

  inverse image 

  inverse of a relation 

  involution law 

  ISBN (International 
Standard Book Number) 



  

  isolated vertex 

  iteration 

  iterative 

  jack 

  key 

  Kruskal's algorithm 

  labeling 

  law of detachment 

  least-expensive system 

  lemma 

  level 

  lexicographic order 

  linear congruential method 

  list 

  logarithm function 

  logic 

  logical equivalence 

  logical reasoning 

  loop 

  lower case letter 

  lower limit 

  manipulate 

 mathematical induction 

  mathematical system 

  maximal spanning tree 

  microprocessor 



  

  minimal spanning tree (mst) 

  mirror image 

  model 

  modified 

  modulus 

  modulus operator (mod) 

  modus ponens/detachment 
law 

  modus tollens law 

  multiple 

  multiplication principle 

  multiplier 

  necessary condition 

  negation 

  negative statement 

n  n-fold compositon 

  node 

  nondecreasing 

  nonempty 

  nonincreasing 

  not 

  notation 

  n-tuple 

  null set 

  null string 

  numerical 

  occupied 



  

  office 

  one-to-one function 
(injective) 

  onto function (surjective) 

  operand 

  operating system 

  operator 

  optimal path 

  optimal solution 

  option 

  order 

  ordered list 

  ordered pair 

  orientation 

v  out (v) 

  out edge 

  outcome 

  outdegree of a vertex 

  pairs 

  pairwise disjoint 




 

 palindrome 

  parallel edges 

  parallelogram 

  parent 

  parity 



  

  partial order 

  partition 

  Pascal's triangle 

  path 

  permutation 

  pick 

  Place 

  plotting 

  Polish Notation 

  positive statement 


 

 postfix notation 

  postorder traversal 

  power set 


 

 precedence graph 

  predict 


 

 prefix notation 

  premises 

  preorder traversal 

  prime number 

  Prim's algorithm 

  principle 

  procedure 

  process 



  

  products 

  proof by contradiction 

  proof by contrapositive 

  proper subset 

  proposition 

  propositional function 


 

 pseudorandom numbers 

  quadrilateral 

  quantified statement 

  quantifiers 

  quantifying (over) 

  radius (of a tree) 

  raised dots 

  random behavior 

  range (codomain) 

  rank 

  rational number 

r  r-combination 

  readable program 

 reasoning 

 recurrence relation 

  recursive 

  recursive algorithm 

  reflexive 

  related to 



  

  relation / relationship 

   relative complement 

  relay a message 

  remainder 

  repetition 

  rephrase 

  represent 

  resolution (of a collision) 

  retrieve 

  reverse 

 Reverse Polish Notation 
(RPN) 

  road system 

  roll (dice) 

  rooted tree 

  rotation 

  round 

  round-trip 

r  r-permutation 

  rule of inference 

  secretary 

  seed 

  sequence 

  set 

  set equivalence 

  set up 

  shipment 



  

  shortest-path algorithm 

  Show 

  sibling  

  side 

  similar trees 

  simple graph 

  simple path 

  simplification rule 

  simulate 


 

 single-elimination 
tournament 

  space 

  spade 

  spanning tree 

  status 

  Stirling numbers  

  strictly increasing 

  string of symbols 


 

 strong form of 
mathematical induction 

  structure 

  subclass 

  subgraph 

  subsequence 

  subset 

  subtree 



  

  successor 

  sufficient condition 

  suit 


 

 summation-by-parts 
formula 

  superscript 

  supplementary angles 

  surjective function (onto) 

  symbolic forms 

  symbolically 

  symmetric 

  symmetric difference 

  system of logic 

  target 

  task scheduling 

  tautology 

  technique 

  terminal vertex 

  terminate 

  terminology 

  theorem 

  time-consuming 

  toss 

  total order 

  tour 

  tournament 



  

  transitive 

  transitive closure 

  transposition 

  traversal (of a tree) 

  traverse 

  treasurer 


 

 tree sort method 

  true 

  truth table 

  truth values 

  tuple 

  unambiguous 

  unary operator 

  undefined terms 

  undirected 

  union 

  unique 

  uniquely decodable code 

  universal generalization 

  universal instantiation 

  Universal Product Code 
(UPC) 

  universal quantifier 

   universal set (universe) 


 

 universally quantified 
statement 



  

  universe 

  upper limit 

  usury 

  valid argument 

  validate (a character) 

  validity 

  variable length code 

   Venn diagram 

  verification 

  version 

  vertex 

  vertices 

  visit 

  void set 

  weight (of an edge) 

  weighted graph 

  well structured program 

  Win 

  Windows Explorer 

  worst-case searching 

  



  

 
 

 
  
  
  
  
  
  
 

 
  
  
  
  
  
 C++ 
 C++ 
  
 C++ 
 C 
 C 

  

 ُسُبحنَكَ لاَ عِلْمَ لنا إلاِّ مَا عَلَّمتَنَا إ�ّكَ أَ�ت العليمُ الحكَيِم  
)٣٢(سورة البقرة :   



  

 






